Heterogeneous Agents, Distribution and Growth by Paquin, Lloyd






Zh prgli| wkh X}dzd0Oxfdv uhsuhvhqwdwlyh djhqw prgho ri hq0
grjhqrxv hfrqrplf jurzwk wr doorz iru d ydulhw| ri glhuhqfhv dprqj
krxvhkrogv= glhuhqfhv lq wkhlu wdvwhv/ lq wkhlu kxpdq fdslwdo surgxf0
wlrq whfkqrorjlhv/ dqg lq wkhlu lqlwldo hqgrzphqwv1
Vrph glhuhqfhv duh lqfrpsdwleoh zlwk wkh h{lvwhqfh ri d vwhdg|0
vwdwh htxloleulxp/ zkloh rwkhuv kdyh qr hhfw xsrq wkh vwhdg|0vwdwh
jurzwk udwh1 Krzhyhu/ d ydulhw| ri glhuhqfhv jlyh ulvh wr lqhtxdolwlhv
lq wkh glvwulexwlrq ri lqfrph dqg wr yduldwlrqv lq wkh vwhdg|0vwdwh udwh
ri jurzwk1 Ixuwkhupruh/ d uhglvwulexwlyh wd{ dqg wudqvihu srolf| fdq
kdyh d vljqlfdqw lpsdfw xsrq wkh vwhdg|0vwdwh ohyho ri lqyhvwphqw lq
kxpdq fdslwdo dqg/ wkxv/ xsrq wkh udwh ri hfrqrplf jurzwk1
4L q w u r g x f w l r q
Lq wkh vhyhqw| vrph rgg |hduv vlqfh Iudqn Udpvh| uvw shqqhg klv D pdwk0
hpdwlfdo wkhru| ri vdylqj/ wkh irupdo wkhru| ri hfrqrplf jurzwk kdv ehhq
Wkdqnv wr Vx}dqqh Oìyhvtxh iru vwlpxodwlqj p| lqwhuhvw lq glvwulexwlrqdo txhvwlrqv/
wr Sdvfdo Vw0Dprxu iru pdq| xvhixo frpphqwv dqg d glvfxvvlrq ri khwhurjhqhlw|/ wr Shwhu
Odpehuw iru vrph xvhixo frpphqwv/ wr sduwlflsdqwv lq oh vìplqdluh gx yhqguhgl plgl
ã o*xqlyhuvlwì Odydo1 Wkdqnv dovr wr wkh shrsoh dw Txhhq*v Xqlyhuvlw| iru pdnlqj p|
vdeedwlfdo ohdyh vr vwlpxodwlqj1 Ri frxuvh/ wkh xvxdo glvfodlphu dssolhv1 Ilqdoo|/ wkdqnv wr
p| froohdjxh Plfkho Wuxfkrq iru khoslqj ph wr vroyh doo ri p| frpsxwlqj sureohpv1
4frqqhg wr prghov lq zklfk khwhurjhqhlw| dprqj djhqwv kdv ehhq h{foxghg1
Uhfhqwo|/ wklv vlwxdwlrq kdv ehjxq wr fkdqjh1 Dv |hw/ krzhyhu/ qr rqh kdv
dwwhpswhg wr wdnh rqh ri rxu vwdqgdug prghov ri jurzwk dqg wr xvh lw wr
vwxg| wkrurxjko| wkh ghjuhh wr zklfk wklv prgho fdq dffrprgdwh khwhur0
jhqhlw| dprqj djhqwv/ dv zhoo dv wr ghwhuplqh wkh frqvhtxhqfhv iru jurzwk
ri sduwlfxodu glhuhqfhv dprqj djhqwv1
Lq wklv sdshu/ zh zloo glvdjjuhjdwh wkh krxvhkrog vhfwru ri wkh X}dzd0
Oxfdv prgho ri hqgrjhqrxv hfrqrplf jurzwk wr doorz iru d zlgh ydulhw| ri
glhuhqfhv dprqj krxvhkrogv= glhuhqfhv lq wkhlu wdvwhv/ lq wkhlu kxpdq fds0
lwdo surgxfwlrq whfkqrorj|/ dqg lq wkhlu lqlwldo hqgrzphqwv1 Vxfk d prglhg
prgho frxog srwhqwldoo| eh yhu| xvhixo lq wkh vwxg| ri d qxpehu ri txhvwlrqv
uhodwlqj wr glvwulexwlrq dqg jurzwk1 Iru h{dpsoh= 4, Lv wkhuh dq| uhodwlrq
ehwzhhq d frxqwu|*v glvwulexwlrq ri lqfrph dqg lwv udwh ri hfrqrplf jurzwkB>
5, Zkdw hhfw/ li dq|/ gr uhglvwulexwlyh srolflhv kdyh xsrq wkh udwh ri hfr0
qrplf jurzwkB> dqg 6,Zkdw hhfw/ li dq|/ zloo hfrqrplf jurzwk kdyh xsrq
wkh glvwulexwlrq ri lqfrphB1
Lq wkh prgho wkdw zh frqvwuxfw/ krxvhkrogv fdq eh glvwlqjxlvkhg rqh
iurp dqrwkhu lq dv pdq| dv whq glhuhqw zd|v1 Krzhyhu/ dv zh zloo vkrz/
li krxvhkrogv glhu lq d fhuwdlq wkuhh ri wkhvh zd|v/ wkhq wkh prgho zloo qrw
kdyh vwhdg|0vwdwh htxloleulxp1 Vlqfh wklv lv suhflvho| wkh htxloleulxp frqfhsw
zklfk zh zloo vwxg| lq wklv duwlfoh/ zh zloo qrw doorz iru krxvhkrogv wr glhu
lq dq| ri wkhvh wkuhh zd|v1 \hw/ li krxvhkrogv duh glhuhqwldwhg lq rqh ru
pruh ri wkh vhyhq uhpdlqlqj zd|v/ wkhvh glhuhqfhv zloo eh frpsdwleoh zlwk
wkh h{lvwhqfh ri vxfk dq htxloleulxp1
Rqfh krxvhkrogv duh glhuhqwldwhg/ zh zloo dvn zkhwkhu d fkdqjh lq wkh
glvwulexwlrq ri d glhuhqwldwlqj fkdudfwhulvwlf zrxog dhfw wkh hfrqrp|*v glv0
wulexwlrq ri lqfrph dqg udwh ri jurzwk1 Zh zloo vkrz wkdw yduldwlrqv lq wkh
glvwulexwlrq ri lqglylgxdo fkdudfwhulvwlfv zloo dozd|v lq xhqfh wkh hfrqrp|*v
lqfrph glvwulexwlrq/ exw wkdw vxfk fkdqjhv pd| kdyh qr dhfw xsrq wkh udwh
ri jurzwk1 Lqvwhdg/ lw zloo rqo| eh lq wkh fdvh ri fkdqjhv lq wkh glvwulexwlrq
ri vshflf fkdudfwhulvwlfv wkdw jurzwk frqvhtxhqfhv zloo hqvxh= wkdw wkhuh lv
d vrolg olqn ehwzhhq glvwulexwlrq dqg jurzwk1
Dv d qdo h{shulphqw/ zh dvn zkdw zloo eh wkh frqvhtxhqfhv ri d uhglv0
wulexwlyh wd{ dqg wudqvihu surjudp xsrq wkh vwhdg|0vwdwh ri wkh prgho1 Li
doo lqfrph lv vxemhfw wr d  dw wd{ udwh/ dqg li wkh uhfhlswv iurp wklv wd{ duh
uhglvwulexwhg wr wkh orz lqfrph krxvhkrogv/ zh vkrz wkdw wkh udwh ri lq0
yhvwphqw lq kxpdq fdslwdo fdq eh vljqlfdqwo| dhfwhg e| yduldwlrqv lq wkh
lqfrph wd{ udwh1 Frqvhtxhqwo|/ ydudlwlrqv lq wkh ohyho ri d uhglvwulexwlyh wd{
5dqg wudqvihu surjudp fdq kdyh d vljqlfdqw lpsdfw xsrq d frxqwu|*v udwh ri
hfrqrplf jurzwk1
Wkh edodqfh ri wklv sdshu zloo surfhhg dv iroorzv1 Lq wkh qh{w vhfwlrq/
zh zloo frqvlghu ydulrxv prglfdwlrqv ri wkh X}dzd0Oxfdv prgho1 Lq vhfwlrq
wkuhh/ zh zloo dqdo|vh wkh prglhg prgho1 Wkhq lq wkh irxuwk vhfwlrq/ zh zloo
gudz vrph frqfoxvlrqv derxw zkdw fdq eh ohduqhg iurp wkh prglhg prgho
dqg zh zloo lqglfdwh vrph sdwkv iru ixuwkhu uhvhdufk1
5 Wkh Prgho
514 Wkh X}dzd0Oxfdv Prgho
Hyhu vlqfh lwv lqwurgxfwlrq/ wkh X}dzd0Oxfdv prgho kdv ehhq rqh ri wkh
fhqwhu slhfhv ri wkh hqgrjhqrxv jurzwk olwhudwxuh1 Lq wklv vhfwlrq/ zh zloo
glvdjjuhjdwh wklv uhsuhvhqwdwlyh djhqw prgho wr doorz iru d ydulhw| ri glhu0
hqfhv dprqj djhqwv1 Wkhvh glhuhqfhv zloo jlyh ulvh wr lqhtxdolwlhv lq wkh
glvwulexwlrq ri lqfrph1 Zh zloo xvh wkhvh vrxufhv ri lqfrph glhuhqfhv wr
vwxg| wkh hhfw wkdw wkh glvwulexwlrq ri lqfrph fdq kdyh xsrq jurzwk1
Lw zloo eh xvhixo wr kdyh dw rxu glvsrvdo d vshflfdwlrq ri wkh prgho zklfk
zh duh jrlqj wr prgli|1 D sduwlfxodu irupxodwlrq ri wkh X}dzd0Oxfdv prgho
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zkhuh I+1/1, @ wkh olqhdu krprjhqhrxv frqvxpswlrq jrrg
surgxfwlrq whfkqrorj|>
x+1, @ wkh lqvwdqwdqhrxv xwlolw| ri frqvxpswlrq>
4 @ wkh lqvwdqwdqhrxv udwh ri wlph glvfrxqw>
B @ wkh surgxfwlrq frh!flhqw iru kxpdq fdslwdo>
K| @ wkh sursruwlrq ri wlph wkh djhqw vshqgv lqyhvwlqj
lq kxpdq fdslwdo/ zklohE  K| lv wkh sursruwlrq
vshqw gholyhulqj wklv fdslwdo wr d up>
6| @ wkh udwh ri frqvxpswlrq dw w/ zkhuh |  f(
M| @ wkh vwrfn ri kxpdq fdslwdo dw w/ zlwk K|  f(
 M| @ wkh udwh ri fkdqjh lq K|c zklfk e| +e, lv
sursruwlrqdo wr K|(
g| @ wkh vwrfn ri sk|vlfdo fdslwdo dw w/ zlwk N|  f(
 g| @ wkh udwh ri fkdqjh lq N|(
7 M @ wkh lqlwldo vwrfn ri kxpdq fdslwdo1
Wkh dvvxpswlrq/ wkdw wkh kxpdq fdslwdo surgxfwlrq whfkqrorj| h{klelwv qrq0
ghfuhdvlqj uhwxuqv wr vfdoh/ lv zkdw glvwlqjxlvkhv wklv prgho iurp lwv qhrfodv0
vlfdo frxqwhusduw= hyhq zkhq wkhuh lv qr whfkqlfdo surjuhvv/ wkh uhsuhvhqwdwlyh
djhqw*v frqvxpswlrq pd| jurz dw d srvlwlyh udwh lq d vwhdg|0vwdwh iru wklv
prgho1
Diwhu lqwurgxflqj vrph ixuwkhu dvvxpswlrqv rq wkh djhqw*v xwlolw| ixqf0
wlrq/ dv zhoo dv fkrrvlqj d sduwlfxodu ixqfwlrqdo irup iru wkh surgxfwlrq
ixqfwlrq/ rqh zrxog eh uhdg| wr dqdo|vlv wkh vwhdg|0vwdwh surshuwlhv ri wkh
prgho1 Lq wklv iudphzrun/ d vwhdg|0vwdwh lv fkdudfwhul}hg e| d frqvwdqw dqg
htxdo udwh ri jurzwk lq M|cg |cdqg |
51414 Wkh Krxvhkrog Vhfwru
Zh zloo qrz prgli| wkh krxvhkrog vhfwru ri wkh X}dzd0Oxfdv prgho lq rughu
wr doorz iru glhuhqfhv dprqj krxvhkrogv1 Krzhyhu/ qrw doo vrxufhv ri gli0
ihuhqfhv kdyh wkh vdph frqvhtxhqfhv1 Iru h{dpsoh/ dv zh zloo vhh odwhu/ zhuh
krxvhkrogv wr glhu lq wkhlu udwh ri wlph glvfrxqw/ 4/ wkhq wkh prgho zrxog
qrw kdyh d vwhdg|0vwdwh1 Vlqfh vxfk htxloleuld kdyh ehhq dprqj wkh prvw
h{whqvlyho| vwxglhg lq wkh hqgrjhqrxv jurzwk olwhudwxuh/ lw zloo eh xvhixo/ iru
sxusrvhv ri frpsdulvrq/ wr lqvxuh wkdw rxu prgho dgplw vxfk dq htxloleulxp1
Iru wklv uhdvrq/ zh zloo olplw rxuvhoyhv wr prglfdwlrqv zklfk duh frpsdwleoh
zlwk wkh h{lvwhqfh ri d vwhdg|0vwdwh1 Lqghhg/ lq wklv duwlfoh/ zh zloo uhvwulfw
rxu dwwhqwlrq h{foxvlyho| wr vwhdg|0vwdwhv1
51415 Wkh exgjhw frqvwudlqwv ri krxvhkrogv
Xqolnh wkh ruljlqdo X}dzd0Oxfdv prgho/ wkh hfrqrp|*v surgxfwlrq whfkqrorj|
zloo eh idu uhpryhg iurp wkh frqvwudlqwv gluhfwo| olplwlqj hdfk krxvhkrog*v
fkrlfhv1 Lqvwhdg/ hdfk krxvhkrog zloo kdyh wr fkrrvh lwv frqvxpswlrq0vdylqjv
sodq iurp dprqj doo ri wkrvh zklfk vdwlvi| lwv exgjhw1 Lq wklv prgho/ d
krxvhkrog fdq hduq lqfrph iurp uhqwlqj lwv kxpdq dqg sk|vlfdo fdslwdo wr
7d up1 Wklv lqfrph pd| eh vxemhfw wr wd{hv dqg pd| eh vxssohphqwhg
e| jryhuqphqw wudqvihuv1 Dw hdfk lqvwdqw/ wkh vxp ri wklv qhw lqfrph soxv
wudqihuv lv zkdw wkh krxvhkrog kdv dw lwv glvsrvdo wr qdqfh lwv sxufkdvhv
ri wkh surgxfhg jrrg iru hlwkhu frqvxpswlrq ru lqyhvwphqw sxusrvhv1 Lwv
lqyhvwphqw sxufkdvhv zloo dgg wr lwv vwrfn ri sk|vlfdo fdslwdo1 Krxvhkrog l*v


















| @ krxvhkrog l*v vwrfn ri sk|vlfdo fdslwdo dw w>
 @
| @ wkh udwh ri fkdqjh dw w ri krxvhkrog l*v vwrfn ri sk|vlfdo
fdslwdo>
| @ wkh uhdo zdjh udwh dw w +l1h1wkh udwh ri uhwxuq rq kxpdq
fdslwdo,>
 @ rqh plqxv wkh wd{ udwh rq zdjh lqfrph iru l>
" @ krxvhkrog l*v h!flhqf| frh!flhqw>
}
| @ wkh sursruwlrq ri l*v wlph vshqw lq gholyhulqj lwv kxpdq
fdslwdo wr d up dw w>

| @ krxvhkrog l*v vwrfn ri kxpdq fdslwdo dw w>
o| @ wkh qhw udwh ri uhwxuq rq sk|vlfdo fdslwdo>
w
 @ rqh plqxv wkh wd{ udwh rq lqfrph iurp sk|vlfdo fdslwdo
iru l>
C
| @ wkh jryhuqphqw wudqvihu wr l dw w> dqg
S
| @ wkh udwh ri frqvxpswlrq ri krxvhkrog l dw w1
Wkh jrrg zklfk fdq eh xvhg hlwkhu iru frqvxpswlrq ru dv sk|vlfdo fdslwdo lv
zkdw zh kdyh fkrvhq dv qxphudluh1
D pdmru glhuhqfh ehwzhhq sk|vlfdo dqg kxpdq fdslwdo lv wkdw wkh rzqhu
pxvw shuvrqdoo| dffrpsdq| wkh odwwhu wr lwv sodfh ri zrun1 Dv d uhvxow/ hi0
flhqf| lq gholyhulqj kxpdq fdslwdo lv d frqvlghudwlrq zklfk grhv qrw hyhq
dulvh lq wkh fdvh ri sk|vlfdo fdslwdo= zkloh dw zrun/ grhv wkh zrunhu dvvlgx0
rxvo| dsso| klpvhoi/ ru lv kh hdvlo| glvwudfwhg lqwr glvfxvvlrqv derxw vsruwv
hwf11 Wklv lv zkdw wkh sdudphwhu " lv lqwhqghg wr fdswxuh1
Wkh sdudphwhuv  dqg w
 duh wzr ri wkh wrrov zklfk wkh jryhuqphqw kdv
dw lwv glvsrvdo wr qdqfh lwv wudqvihuv= wkh C
| iru doo l1 Zlwk d wd{ dqg
wudqvihu surjudp/ wkh jryhuqphqw fdq fkrrvh wr wu| dqg lq xhqfh/ dprqj
rwkhu wklqjv/ wkh hfrqrp|*v glvwulexwlrq ri lqfrph1
851416 Glhuhqfhv lq wkh kxpdq fdslwdo surgxfwlrq whfkqrorj|1
Zk| pljkw wkh kxpdq fdslwdo surgxfwlrq whfkqrorj| glhu ehwzhhq krxvh0
krogvB Dv doo whdfkhuv duh dfxwho| dzduh/ wkhuh duh uhpdundeoh yduldwlrqv lq
wkh vshhg ri ohduqlqj iurp rqh vwxghqw wr wkh qh{w1 Lq dgglwlrq/ rqfh vrph0
wklqj lv ohduqhg/ wkhuh duh vljqlfdqw glhuhqfhv lq wkh uhwhqwlrq udwh ehwzhhq










| ' krxvhkrog l*v vwrfn ri kxpdq fdslwdo dw w>
 
| ' wkh udwh ri fkdqjh lq krxvhkrog l*v vwrfn ri kxpdq fdslwdo
dw w>
B
 ' krxvhkrog l*v surgxfwlrq frh!flhqw iru kxpdq fdslwdo
+l1h1 wklv uh hfwv wkh vshhg dw zklfk lw ohduqv,>
K
| ' wkh sursruwlrq ri krxvhkrog l*v wlph zklfk lv vshqw lq
dftxlulqj kxpdq fdslwdo>
l
 ' wkh udwh ri ghsuhfldwlrq ri krxvhkrog l*v kxpdq fdslwdo
+l1h1 wklv uh hfwv wkh krxvhkrog*v irujhwixoqhvv,1
Dv zh zloo vhh/ glhuhqfhv lq B
c dqg l
 dprqj krxvhkrogv zloo ohdg wr frq0
vlghudeoh yduldwlrqv lq wkh zd| lq zklfk wkh| doorfdwh wkhlu wlph ehwzhhq wkh
ydulrxv dfwlylwlhv= lqyhvwlqj lq kxpdq fdslwdo/ gholyhulqj kxpdq fdslwdo/ dqg
ohlvxuh1
51417 Glhuhqfhv lq wdvwhv
Krxvhkrogv fdq dovr eh glhuhqwldwhg e| wkhlu wdvwhv1 Lqghhg/ wkh lqgxvwu| ri
vrph lv iuhtxhqwo| rhuhg dv wkh h{sodqdwlrq ri zk| wkh| ehfdph zhdowk|1
Zkloh wkh odfn ri prwlydwlrq ri rwkhuv lv riwhq vxjjhvwhg dv d pdmru h{sodqd0
4Wkh dssduhqw frwwdjh lqgxvwu| ru vhoi0pdgh shuvrq irup ri wklv surgxfwlrq whfk0
qrorj| vkrxog qrw eh wdnhq wrr olwhudoo|1 Ghvslwh wkh idfw wkdw wkh krxvhkrog*v wlph lv
wkh rqo| h{solflw lqsxw lq wkh kxpdq fdslwdo surgxfwlrq surfhvv/ rqh fdq hdvlo| jhqhudol}h
wklv prgho1 Iru h{dpsoh/ wkhuh lv qr uhdvrq zk| rqh frxog qrw frqfhlyh ri hdfk 
l dv d
surgxfwlrq ixqfwlrq/ zklfk lv lqfuhdvlqj lq wkh txdqwlwlhv ri kxpdq dqg sk|vlfdo fdslwdo
lqsxwv xvhg dw l*v vfkrro1 Lq wkh vdph zd|/ rqh frxog hdvlo| wdnh dffrxqw ri h{whuqdolwlhv
lq wkh hgxfdwlrq surfhvv= wkdw 
l eh uvw lqfuhdvlqj dqg vxevhtxhqwo| ghfuhdvlqj lq fodvv
vl}h/ wkdw lw eh lqfuhdvlqj lq wkh ohduqlqj delolwlhv ri l3v shhuv/ wkdw lw eh lqfuhdvlqj lq wkh
txdolw| ri l3v whdfkhuv/ hwf11 Wkxv/ wklv kljko| ghfhqwudol}hg surgxfwlrq surfhvv fdq hdvlo|
eh jhqhudol}hg wr fdswxuh wkh vdolhqw ihdwxuhv ri dq| dfwxdo ohduqlqj surfhvv1
9wlrq iru wkhlu sryhuw|= ehlqj d vodfnhu lqfuhdvhv wkh fkdqfhv ri ehfrplqj srru1
Frqyhuvho|/ udwkhu wkdq uho| rq wdvwhv/ rwkhuv vwuhvv wkh oxfn ri wkh gudz lq
h{sodlqlqj wkhvh skhqrphqd1 Dffruglqjo|/ wkh ulfk vkrxog eohvv wkhlu oxfn|
vwdu/ zkloh wkh srru vkrxog odphqw wkhlu dvwurorjlfdo fkduw1
Wr pdnh urrp iru glhuhqfhv lq krxvhkrog wdvwhv zloo uhtxluh xv wr prgli|
wkh X}dzd0Oxfdv prgho lq wzr zd|v1 Iluvw/ lq dgglwlrq wr lwv fxuuhqw frq0
vxpswlrq ri d surgxfhg jrrg/ hdfk krxvhkrog*v lqvwdqwdqhrxv xwlolw| ixqfwlrq
zloo dovr frqwdlq dv dq dujxphqw wkh sursruwlrq ri lwv wlph wkdw lw frqvxphv
dv ohlvxuh15 Wkxv/ wklv zloo dgg wr wkh krxvhkrog*v frqvxpswlrq0vdylqjv ghfl0
vlrq/ d vhfrqg fkrlfh rq wkh glylvlrq ri lwv wlph ehwzhhq oderxu dqg ohlvxuh1
Dv zh zloo vhh ehorz/ lq d vwhdg|0vwdwh htxloleulxp iru wklv prgho/ wkh
zdjh udwh/ / dqg wkh txdqwlw| ri ohlvxuh frqvxphg/ ,/ duh frqvwdqw wkurxjk
wlph/ zkloh wkh udwh ri frqvxpswlrq/ S|c lv jurzlqj dw d {hg udwh1 E| dq
dujxphqw lghqwlfdo wr wkdw xvhg e| Eduur dqg Vdod0l0Pduwlq/ zh fdq vkrz
wkdw wkhvh frqglwlrqv lpso| wkdw krxvhkrog l*v xwlolw| ixqfwlrq pxvw eh d
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zkhuh q:f // 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:f cdqg /E  f6
Qrz/ li wkh xwlolw| ixqfwlrq lv d phpehu ri wkh idplo| ghvfulehg e| htxd0
wlrq +6,/ wkhq dq| yduldwlrq lq wdvwhv zloo uhtxluh hlwkhu wkdw q ru /+1, ydu|
iurp rqh krxvhkrog wr wkh qh{w1 Krzhyhu/ dv zh zloo vhh odwhu/ dq| glhuhqfhv
lq wkh hodvwlflw| ri pdujlqdo xwlolw|/ qc zrxog eh lqfrpsdwleoh zlwk wkh h{lv0
whqfh ri wkh w|sh ri htxloleulxp zklfk zh sodq wr vwxg|1 Frqvhtxhqwo|/ vlqfh
zh zloo qrw doorz iru dq| yduldwlrqv lq qc dq| glhuhqfhv lq wdvwhv dprqj
krxvhkrogv pxvw eh fdswxuhg e| /E Iru wkh uhvw ri wklv duwlfoh/ zh zloo
dvvxph wkdw
e /E,
|'* L } E k n, 
| 
Xqghu wklv irupxodwlrq iru /Ec krxvhkrog l*v xwlolw| ixqfwlrq fdq eh h{0
suhvvhg dv iroorzv=
5Wklv prglfdwlrq lv ixqgdphqwdo1 Lqghhg/ lw |lhogv wkh qhfhvvdu| ghjuhh ri iuhhgrp
iru wkhuh wr eh vwhdg|0vwdwh glhuhqfhv lq wkh dprxqw ri wlph zklfk krxvhkrogv vshqg
lqyhvwlqj lq kxpdq fdslwdo1 Zh zloo uhwxuq wr wklv odwhu/ rqfh zh kdyh ghulyhg wkh uvw
rughu frqglwlrqv dvvrfldwhg zlwk d krxvhkrog*v rswlpl}dwlrq surehp1
6D vwhdg|0vwdwh lq wkh Eduur dqg Vdod0l0Pduwlq prgho lv fkdudfwhul}hg e| erwk z dqg
f jurzlqj dw wkh vdph udwh1 Zkloh lq wkh fxuuhqw prgho/ d vwhdg|0vwdwh lv fkdudfwhul}hg e|




|  3 qE k n, 
|  3 q* E  q7c 8
Iru wklv xwlolw| ixqfwlrq/ li k lv htxdo wr }hur iru doo l/ wkhq doo krxvhkrogv
zloo kdyh wkh vdph krprwkhwlf suhihuhqfhv1 Zkloh li k lv glhuhqw iurp }hur/
wkhq suhihuhqfhv zloo eh ri wkh Vwrqh0Jhdu| w|sh/ dqg wkh| zloo ydu| dprqj
krxvhkrogv li k 9' k iru vrph  9'  Wklv frpsohwhv rxu prglfdwlrq ri
krxvhkrog wdvwhv1
51418 D krxvhkrog*v fkrlfh sureohp
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w .+ 4 l,orjo l
w=Reylrxvo|/ wklv irupxodwlrq lv dovr d phpehu ri wkh Eduur0Vdod0
l0Pduwlq idplo| ri xwlolw| ixqfwlrqv1 Krzhyhu/ li rqh*v 4 lv juhdwhu wkdq krxvhkrog wzr*v
5> wkhq lq d vwhdg|0vwdwh htxloleulxp krxvhkrog rqh zloo zlvk wr kdyh d srvlwlyh udwlr ri
sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo/ zkloh krxvhkrog wzr zloo
zlvk wr pdlqwdlq d qhjdwlyh ydoxh iru wklv udwlr= krxvhkrog wzr zloo eh d ghewru dqg zloo
fkrrvh wr jr hyhu pruh ghhso| lqwr ghew1
8Glhuhqfhv lq wdvwhv dprqj krxvhkrogv zloo eh fdswxuhg e| glhuhqfhv lq wkhlu l=
Li wkh l ri krxvhkrog rqh lv odujhu wkdq wkh l ri krxvhkrog wzr +l1h1 4 A 5 ,/w k h q
krxvhkrog rqh zloo kdyh d vpdoohu pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dqg
ohlvxuh +l1h1 PUV4
fo @ x5@x4, wkdq zloo krxvhkrog wzr1 Wklv phdqv wkdw wkh ghpdqg iru
frqvxpswlrq shu xqlw ri ohlvxuh zloo dozd|v eh juhdwhu iru krxvhkrog rqh wkdq iru krxvhkrog





Dq dqdo|vlv ri wkhvh uvw rughu frqglwlrqv lv jlyhq lq Dsshqgl{ D1 Iurp
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d4  E  qwoo(dqg
4:, S





Ri frxuvh/ wkhvh zloo eh wkh fruuhfw ghpdqg dqg vxsso| ixqfwlrqv iru wkh
krxvhkrog rqo| li wkh frqyhujhqfh frqglwlrq xsrq zklfk wkhlu ghulydwlrq zdv
edvhg lv vdwlvhg= wkdw ^4Eqwoo lv srvlwlyh +l1h1 wkdw }
| lv srvlwlyh,1I r u
wkh prphqw/ zh zloo vlpso| dvvxph wkdw wklv frqglwlrq lv vdwlvhg1 Odwhu/ zh
zloo yhuli| wkdw lw lv lq idfw vdwlvhg1
Wkh vhqvlwlylw| ri krxvhkrog l*v xvh ri lwv wlph wr fkdqjhv lq lwv vshhg ri
















 ' d4  E  qwoo*qEB
2 	 f( dqg
56, Y}*Yl
 'f 
Wkxv/ wkh pruh udslgo| d krxvhkrog ohduqv/ wkh juhdwhu lwv ghpdqg iru ohlvxuh/
+4;,/ dqg wkh vpdoohu wkh dprxqw ri wlph lw vshqgv lqyhvwlqj lq kxpdq fdslwdo/
+53,/ dqg lq gholyhulqj lwv kxpdq fdslwdo wr d up/ +55,1 Vlplodulo|/ wkh kljkhu
lwv uhwhqwlrq udwh/ wkh vpdoohu lwv ghpdqg iru ohlvxuh/ +4<,/ dqg wkh pruh wlph
lw vshqgv lqyhvwlqj lq kxpdq fdslwdo/ +54,1 Krzhyhu/ fkdqjhv lq lwv uhwhqwlrq
udwh zloo qrw kdyh dq| dhfw xsrq wkh dprxqw ri wlph lw vshqgv gholyhulqj
lwv kxpdq fdslwdo wr d up/ +56,1
9Wkhvh uvw rughu frqglwlrqv zrxog kdyh ehhq txlwh glhuhqw kdg krxvhkrogv qrw kdg
d oderxu0ohlvxuh fkrlfh1 Lqghhg/ dv zh qrwh ehorz/ zh zrxog kdyh orvw wkh ghjuhh ri iuhh0
grp zklfk kdv shuplwwhg xv wr lqwurgxfh glhuhqfhv dprqj krxvhkrogv lq wkhlu vshhgv ri
ohduqlqj dqg lq wkhlu uhwhqwlrq udwhv1
<Krxvhkrog l*v ghvluhg udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholy0





' qidE n kqB




d4  E  qwoo2
Wkh vhqvlwlylw| ri wklv udwlr wr fkdqjhv lq wkh krxvhkrog*v fkdudfwhulvwlfv duh
jlyhq e|=
58, Y









d4E  qwoo 	 f
Wkxv/ wkh orzhu wkh krxvhkrog*v pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frq0
vxpswlrq dqg ohlvxuh +l1h1 wkh odujhu lv k ,/ wkh odujhu lwv ghvluhg udwlr ri
sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo/ +58,1E x wl q 0
fuhdvlqj lwv uhwhqwlrq udwh +l
 ghfuhdvhv lwv ghvluhg ydoxh ri wklv udwlr/ +5:,/
zkloh lqfuhdvlqj lwv vshhg ri ohdulqj +B
 lqfuhdvhv lwv ghvluhg ohyho iru wklv
udwlr/ +59,1
Wkh hfrqrp|*v djjuhjdwh ghvluhg udwlr ri sk|vlfdo fdslwdo shu h!flhqf|
xqlw ri gholyhuhg kxpdq fdslwdo lv ghqhg dv iroorzv=




























Wkdw lv/ p lv wkh pdvv ri krxvhkrogv ri w|sh l/ g| lv wkh djjuhjdwh vwrfn ri
sk|vlfdo fdslwdo ryhu doo krxvhkrogv/ dqg M| lv wkh djjuhjdwh vwrfn ri h!flhqf|
xqlwv ri gholyhuhg kxpdq fdslwdo ryhu doo krxvhkrogv1
43515 Wkh Ilup Vhfwru
Lq wklv prgho/ upv kluh wkh vhuylfhv ri kxpdq dqg sk|vlfdo fdslwdo iurp
krxvhkrogv iru xvh lq surgxflqj d jrrg zklfk fdq eh xvhg lqglhuhqwo| iru
frqvxpswlrq ru dv sk|vlfdo fdslwdo1 Vlqfh hdfk up zloo eh dvvxphg wr ehkdyh
frpshwlwlyho| dqg vlqfh lwv surgxfwlrq ixqfwlrq zloo eh dvvxphg wr h{klelw
frqvwdqw uhwxuqv wr vfdoh/ lw iroorzv wkdw/ zkhqhyhu d up surgxfhv/ lwv rs0
wlpdo ohyho ri surgxfwlrq lv frpsohwho| lqghwhuplqdwh1 Wkxv/ wr vlpsoli|/ zh
zloo dvvxph wkdw doo ri wklv surgxfwlrq lv frqfhqwudwhg lq d vlqjoh up dqg
wkdw wklv up fkrrvhv wr ehkdyh frpshwlwlyho|1:
Wkh up*v surgxfwlrq whfkqrorj| fdq eh h{suhvvhg dv iroorzv=
 t| ' 8Eg|cM |(
zkhuh t| uhsuhvhqwv wkh txdqwlw| ri wkh jrrg surgxfhg dw w/ g| lv wkh txdqwlw|
ri sk|vlfdo fdslwdo hpsor|hg dw w/ M| lv wkh qxpehu ri h!flhqf| xqlwv ri
gholyhuhg kxpdq fdslwdo hpsor|hg dw w1 Wklv surgxfwlrq fdq eh h{suhvvhg lq
lqwhqvlyh irup dv iroorzv=
2 +| ' sE|(
zkhuh +| ' t|*M| 'rxwsxw shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo>
dqg | ' g|*M| 'sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq
fdslwdo1 Wklv whfkqrorj| lv wzlfh frqwlqxrxvo| glhuhqwldeoh/ dqg vdwlvhv
wkh Lqdgd frqglwlrqv1 Dvvxplqj wkdw wkh up zlvkhv wr fkrrvh frpelqdwlrqv
ri sk|vlfdo dqg kxpdq fdslwdo zklfk pd{lpl}h lwv surwv/ wkh up*v fkrlfh
sureohp fdq eh h{suhvvhg dv iroorzv=
 4@  ZEg|cM |'4 @  d M |sE  |M| Eo n1g|o(
zkhuh  lv wkh lqvwdqwdqhrxv uhqwdo udwh shu h!flhqf| xqlw ri gholyhuhg kxpdq
fdslwdo/ +on1 lv wkh jurvv udwh ri uhwxuq rq sk|vlfdo fdslwdo +l1h1 o lv wkh qhw
udwh ri uhwxuq dqg 1 lv wkh udwh ri ghsuhfldwlrq,1
Wkh surw pd{lpl}lqj vroxwlrq wr wkh up*v fkrlfh sureohp lv jlyhq lq
Dsshqgl{ D1 Iurp wklv vroxwlrq/ zkdw lv lpsruwdqw iru wkh edodqfh ri wklv
:Lw pd| vhhp xquhdvrqdeoh wr dvvxph wkdw wkh vlqjoh vxssolhu ri d jrrg zloo ehkdyh
frpshwlwlyho|1 Krzhyhu/ wkhuh duh d qxpehu ri glhuhqw zd|v wr mxvwli| wklv dvvxpswlrq1
Iru h{dpsoh/ li lw lv wkh fdvh wkdw wkhuh h{lvw pdq| srwhqwldo frpshwlwruv/ doo ri zkrp
kdyh dffhvv wr wkh vdph frqvwdqw uhwxuqv whfkqrorj|/ dqg zkhuh doo duh mxvw zdlwlqj iru
wkh rssruwxqlw| wr hqwhu wkh pdunhw/ lw zrxog wkhq eh uhdvrqdeoh iru wkh fxuuhqw vlqjoh
surgxfhu wr ehkdyh frpshwlwlyho|1
44duwlfoh/ lv wkdw wkh jurvv udwh ri uhwxuq rq sk|vlfdo fdslwdo lv htxdo wr wkh
pdujlqdo surgxfw ri sk|vlfdo fdslwdo=
e Eo n 1's
E  | c dqg
wkh lqvwdqwdqhrxv uhqwdo udwh shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo
lv htxdo wr wkh pdujlqdo surgxfw ri wklv w|sh ri fdslwdo=
D  ' sE|  |s
E|
Iurp htxdwlrqv +67, dqg +68,/ dorqj zlwk wkh }hur surw frqglwlrq/ zh rewdlq
wkh hfrqrp|*v idfwru0sulfh iurqwlhu=
S  ' Eo(
zkhuh iru hdfk o wklv ixqfwlrq vshflhv wkh ydoxh ri  zkhuh wkh up*v surwv
zloo eh pd{lpl}hg1 Ixuwkhupruh/ lq Dsshqgl{ D/ zh vkrz wkdw wklv iurqwlhu
lv qhjdwlyho| lqfolqhg dqg frqyh{ wr wkh ruljlq1
Htxdwlrqv +67,/ +68, dqg +69,/ dorqj zlwk wkhlu surshuwlhv/ duh doo wkh
lqirupdwlrq zh zloo qhhg derxw wkh up vhfwru ri wkh hfrqrp|1 Lq wkh qh{w
vhfwlrq/ zh zloo vwxg| wkh vwhdg|0vwdwh surshuwlhv iru d ydulhw| ri vshflfdwlrqv
ri wkh prgho1
6 Dqdo|vlv ri wkh Vwhdg|0Vwdwh Sdwkv
Zkdw duh wkh surshuwlhv ri d vwhdg|0vwdwh iru wklv prgho/ dqg krz zrxog wkh|
eh dhfwhg e| fkdqjhv lq lwv sdudphwhuvB Wkhvh duh wkh txhvwlrqv wr zklfk
zh wxuq rxu dwwhqwlrq lq wklv vhfwlrq1 Ehiruh grlqj vr/ krzhyhu/ ohw xv uvw
ghqh wkh qrwlrq ri d vwhdg|0vwdwh htxloleulxp iru wklv prgho1
Wkh fdslwdo pdunhw zloo eh lq htxloleulxp zkhq wkh txdqwlw| ri sk|vlfdo
fdslwdo ghpdqghg shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo lv htxdo wr
wkh txdqwlw| vxssolhg1 Wkh udwlr lq zklfk krxvhkrogv zrxog eh zloolqj wr
vxsso| sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo lv jlyhq
e| htxdwlrq E2H G
2H | Eco'g |*M|
Wkh udwlr lq zklfk wkh up ghpdqgv wkhvh wzr idfwruv lv jlyhq lpsolflwo| e|
wkh pdujlqdo surgxfw ri sk|vlfdo fdslwdo vfkhgxoh=
e Eo n 1's
E  | 
45Htxdwlqj | Ecoc lq htxdwlrq E2Hc wr wkh |c lq htxdwlrq Eec zh rewdlq
wkh fdslwdo pdunhw htxloleulxp frqglwlrq=
. Eo n 1's
d  |E coo
Wkh vroxwlrq wr htxdwlrq E. ri  dv d ixqfwlrq ri o fdq eh h{suhvvhg dv
iroorzv=
H  '  Eo
Wkxv/ iru hdfk ydoxh ri o/ htxdwlrq EH |lhogv wkh ydoxh ri  dw zklfk wkh
fdslwdo pdunhw zloo eh lq htxloleulxp1
Qrz/ dw wkh srlqw ri lqwhuvhfwlrq ri wkh fdslwdo pdunhw htxloleulxp frq0
glwlrq/ EH/ dqg wkh idfwru0sulfh iurqwlhu/ ES/ wkh hfrqrp| zloo eh lq d
vwhdg|0vwdwh htxloleulxp= wklv vroxwlrq |lhogv d sdlu/ Eco/z k l f ke h v l g h v
vlpxowdqhrxvo| vdwlvi|lqj htxdwlrqv ES dqg EH/ duh xqfkdqjlqj wkurxjk
wlph1 Zlwk wkh khos ri htxdwlrqv ED/ ES/d q gE./ rqh fdq hdvlo| yhuli|
wkdw/ dw wklv xqfkdqjlqj sdlu/ krxvhkrog l*v ohyho ri frqvxpswlrq/ vwrfn ri
sk|vlfdo fdslwdo/ dqg vwrfn ri kxpdq fdslwdo zloo eh jurzlqj dw wkh vdph





c iru hdfk l1
Wklv ghqlwlrq vd|v qrwklqj zkdwvrhyhu derxw wkh udwh ri jurzwk ri wkh
hfrqrp|*v djjuhjdwh yduldeohv= wkh djjuhjdwh ohyho ri frqvxpswlrq/ djjuhjdwh
vwrfn ri sk|vlfdo fdslwdo/ dqg djjuhjdwh vwrfn ri kxpdq fdslwdo1 Diwhu doo/
wkh jurzwk udwhv ri wkhvh yduldeohv iru lqglylgxdo krxvhkrogv pd| eh frqvwdqw
dqg htxdo rqh wr dqrwkhu/ ru frqvwdqw dqg glhuhqw iurp rqh krxvhkrog wr
wkh qh{w1 Qrz/ lw lv reylrxv wkdw/ li lqglylgxdo jurzwk udwhv duh frqvwdqw dqg
htxdo wr hdfk rwkhu/ wkhq wkh jurzwk udwh ri wkh djjuhjdwh yduldeohv lv dovr
frqvwdqw dqg htxdo wr wkdw ri wkh lqglylglxdo yduldeohv1 Krzhyhu/ lw pd| dovr
eh wuxh wkdw/ wkrxjk wkh lqglylgxdo jurzwk udwhv duh frqvwdqw dqg glhuhqw
rqh iurp dqrwkhu/ wkh jurzwk udwh ri wkh djjuhjdwh yduldeohv duh frqvwdqw
dqg htxdo wr d zhljkwhg dyhudjh ri wkh lqglylgxdo jurzwk udwhv1 Lq dq| fdvh/
d qhfhvvdu| frqglwlrq iru wkh hfrqrp| wr eh lq d vwhdg|0vwdwh htxloleulxp
lv wkdw wkh jurzwk udwhv ri wkh djjuhjdwh ohyho ri frqvxpswlrq/ djjuhjdwh
vwrfn ri sk|vlfdo fdslwdo/ dqg djjuhjdwh vwrfn ri kxpdq fdslwdo pxvw eh
frqvwdqw dqg htxdo rqh wr dqrwkhu1 Rwkhuzlvh/ wkh hfrqrp|*v djjuhjdwh
udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo zrxog
46eh fkdqjlqj wkurxjk wlph dqg vr wrr zrxog eh wkh htxloleulxp sdlu Eco
Lq sursrvlwlrq rqh/ zh zloo kdyh pruh wr vd| derxw zkhwkhu lq d vwhdg|0vwdwh
htxloleulxp lqglylgxdo jurzwk udwhv frxog glhu rqh iurp dqrwkhu1
Lq wklv prgho/ rqh fdq srwhqwldoo| glvwlqjxlvk ehwzhhq krxvhkrogv lq dv
pdq| dv whq glhuhqw zd|v= lq wkhlu vshhg ri ohduqlqj B
c lq wkhlu uhwhqwlrq
udwh l
c lq wkhlu wdvwhv k/ lq wkhlu glvfrxqw udwh 4c lq wkh hodvwlflw| ri wkhlu
pdujlqdo xwlolw| ri frqvxpswlrq q
c lq wkhlu surgxfwlylw| "c lq wkhlu pdujlqdo




c dv zhoo dv lq wkh wudqvihuv zklfk wkh| uhfhlyh iurp wkh jryhuqphqw
C/ dqg lq wkhlu lqlwldo vwrfn ri kxpdq fdslwdo 
f G wkh lqlwldo vwrfn ri sk|vlfdo
fdslwdo/ @
fc lv dq hqgrjhqrxv yduldeoh lq d vwhdg|0vwdwh htxloleulxp1 Zh zloo
qrz ehjlq e| vkrzlqj wkdw krxvhkrogv fdqqrw lq idfw glhu lq doo ri wkhvh whq
zd|v1 Lqghhg/ li krxvhkrogv glhu lq wkhlu udwh ri wlph glvfrxqw/ 4c lq wkhlu
hodvwlflw| ri wkh pdujlqdo xwlolw| ri frqvxpswlrq/ q
c ru lq wkhlu pdujlqdo wd{
udwh rq sk|vlfdo fdslwdo/ w
c wkhq/ zlwk suredelolw| rqh/ wkh prgho frxog qrw
eh lq d vwhdg|0vwdwh htxloleulxp1
Fkrlfhv ri sduwlfxodu ydoxhv iru wkh sdudphwhuv 4/ q
/d q gw
e| hdfk ri









2,"-S m f  4  c f  q
  cf  w
  csJo
' c2 j Wkh iroorzlqj sursrvlwlrq zloo eh wuxh luuhvshfwlyh ri zkdw lv wkh
suhflvh irup ri wkh suredelolw| glvwulexwlrq ghvfulelqj wkh srvvleoh fkrlfhv ri
hdfk krxvhkrog w|sh/ dv orqj dv wkdw glvwulexwlrq lv frqwlqxrxv rq S
Sursrvlwlrq 4 Glhuhqfhv ehwzhhq krxvhkrogv lq rqh ri wkh wkuhh sdudph0
whuv 4cq
cJ ow
zrxog eh lqfrpsdwleoh/ zlwk suredelolw| rqh/ zlwk wkh h{lvwhqfh
ri d vwhdg|0vwdwh htxloleulxp1
Surri1 Frqvlghu dq hfrqrp| lq zklfk wkhuh duh wzr w|shv ri krxvhkrogv/
lqgh{hg e| l@4/51 Wkhq wkh hfrqrp|*v djjuhjdwh udwlr ri sk|vlfdo fdslwdo shu
h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo fdq eh ghulyhg iurp htxdwlrq E2H=
2H* | 'd 6  @
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zkhuh wkh uvw+vhfrqg, whup lq wklv vxp lv wkh sk|vlfdo fdslwdo iru krxvh0
krogv ri w|sh rqh+wzr, wr wkh hfrqrp|*v vwrfn ri h!flhqf| xqlwv ri gh0
olyhuhg kxpdq fdslwdo1 Qrz lq d vwhdg|0vwdwh @
| dqg 
| zrxog eh jurz0













2 Vxssrvh wkdw b2 :b  Qrz/ dv w lqfuhdvhv/ wkh uvw
whup lq E2H* prqrwrqlfdoo| frqyhujhv wr }hur/ zkloh wkh vhfrqg whup prqr0
wrqlfdoo| frqyhujhv wr krxvhkrogv ri w|sh wzr*v udwlr ri sk|vlfdo fdslwdo shu
h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo +l1h1 2
| ' @2
|*"2}22
| Wklv fdq eh
suryhg e| glylglqj wkh qxphudwru dqg ghqrplqdwru ri wkh uvwEvhfrqg whup
ri htxdwlrq E5;* e| bEb2c dqg wkhq wdnlqj wkh olplwv ri wkhvh whupv dv w
lqfuhdvhv zlwkrxw erxqg1 Wklv phdqv wkdw dv w lqfuhdvhv wkh yduldeoh ghqhg
e| htxdwlrq E2H* zloo prqrwrqlfdoo| frqyhujh wr 2 ' @2
f*"2}22
f Krzhyhu/
vlqfh e| dvvxpswlrq wkh hfrqrp| lv fxuuhqwo| lq d vwhdg|0vwdwh/ lw iroorzv wkdw
| pxvw eh frqvwdqw wkurxjk wlph/ dqg pxvw wkhuhiruh eh htxdo wr @2
f*"2}22
f
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vlqfh krxvhkrogv glhu dw prvw lq wkhlu q*v/ w*v/ dqg 4*v1 Qrz/ vxevwlwxwlqj
iru } dqg @




























Exw wklv lv vlpso| wkh htxdwlrq ri d vxuidfh lq -S Wkhuhiruh/ vlqfh wkh vhw
frpsrvhg ri wkh lqwhuvhfwlrq ri wklv vxuidfh dqg wkh fxeh S lv ri phvxuh
}hur lq Sc lw lv d }hur suredelolw| hyhqw wkdw wkh krxvhkrogv fkrlfh zloo eh
dq hohphqw ri wklv vhw1 Wklv frpsohwhv wkh surri1
Zh zloo wkhuhiruh dvvxph wkdw krxvhkrogv fdqqrw eh glhuhqwldwhg zlwk
uhvshfw wr rqh ru pruh ri wkhvh wkuhh sdudphwhuv1 Wkxv/ lq d vwhdg|0vwdwh/
zh kdyh wkdw=
b 'E wo 4*q ' @  *@ '  * ' S  *S '  g*g '  M*M '  */i r ud o ol 1
Dv d uhvxow/ lq d vwhdg|0vwdwh krxvhkrogv fdq eh glvwlqjxlvkhg rqh iurp dq0
rwkhu lq qr pruh wkdq vhyhq glhuhqw zd|v1
48Zh zloo qh{w vkrz wkdw li krxvhkrogv glhu rqo| lq wkhlu lqlwldo vwrfnv ri
kxpdq fdslwdo/ 
fc ru lq wkhlu h!flhqf| sdudphwhu/ "c wkhvh glhuhqfhv zloo
qrw kdyh dq| jurzwk frqvhtxhqfhv= li wzr frxqwulhv duh lghqwlfdo lq hyhu|
uhvshfw h{fhsw iru wkhlu glvwulexwlrqv ri 
f ru ri "/ wkhq wkhlu vwhdg|0vwdwh
jurzwk udwhv zloo eh wkh vdph1 Wkxv/ wkrxjk glhuhqfhv lq wkh glvwulexwlrq ri
wkhvh sdudphwhuv dprqj krxvhkrogv zloo eh vx!flhqw wr jhqhudwh glhuhqfhv
lq wkhlu lqfrphv/ lq wkhlu vwrfnv ri sk|vlfdo fdslwdo/ dv zhoo dv lq wkhlu vwrfnv
ri kxpdq fdslwdo/ wkh| zloo qrw eh vx!flhqw wr jhqhudwh glhuhqfhv lq wkh
hfrqrp|*v vwhdg|0vwdwh jurzwk udwh1
Sursrvlwlrq 5 Li krxvhkrogv glhu rqo| lq wkhlu surgxfwlylw| sdudphwhu "
ru lq wkhlu lqlwldo hqgrzphqw ri kxpdq fdslwdo/ 
fc wkhq fkdqjhv lq wkh glv0
wulexwlrq ri wkhvh sdudphwhuv dprqj krxvhkrogv zloo dhfw wkh glvwulexwlrq ri
frqvxpswlrq dqg sk|vlfdo fdslwdo/ exw lw zloo qrw dhfw wkh vwhdg|0vwdwh udwh
ri hfrqrplf jurzwk1
Surri1 = Li wkhuh duh qr jryhuqphqw wudqvihuv dqg li krxvhkrogv glhu
rqo| lq wkhlu surgxfwlylw| sdudphwhu/ "/ ru lq wkhlu hqgrzphqw ri kxpdq
fdslwdo/ 
f/ wkhq krxvhkrog l*v sk|vlfdo fdslwdo lqyhvwphqw dqg frqvxpswlrq
ixqfwlrqv duh jlyhq e| htxdwlrqv +49, dqg +4:,=
S @
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| duh erwk sursruwlrqdo wr wkh krxvhkrog*v surgxfwlylw|
sdudphwhu/ "c dqg lwv lqlwldo vwrfn ri kxpdq fdslwdo/ 
fc glhuhqfhv lq wkh
glvwulexwlrq ri wkhvh sdudphwhuv lpsolhv glhuhqfhv lq wkh ohyhov ri frqvxps0
wlrq dqg sk|vlfdo fdslwdo dprqj krxvhkrogv1 Krzhyhu/ xqghu wkh dvvxphg
frqglwlrqv/ wkh hfrqrp|*v vwhdg|0vwdwh udwlr ri sk|vlfdo fdslwdo shu h!flhqf|
xqlw ri gholyhuhg kxpdq fdslwdo fdq eh ghulyhg iurp htxdwlrq +5;, wr eh htxdo
wr=
E2H | ' |*M|( z k h u hz hk d y hw k d w





















Wkhuhiruh/ vlqfh wkh vdph h{srqhqwldo dqg lqwhjudo whupv dsshdu pxowlsolfl0
wlyho| lq wkh qxphudwru dqg lq wkh ghqrplqdwru ri wkh ghqlwlrq ri | wkh|
fdqfho Wkxv/ htxdwlrq E2H fdq eh uhzulwwhq dv=
E2H  ' qdE n kqB nE 2 q wo ql 4o*d4nE qwoo
2
Vlqfh wkh hfrqrp|*v vwhdg|0vwdwh udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw
ri gholyhuhg kxpdq fdslwdo lv lqghshqghqw ri wkh " dqg ri wkh 
f/ lwv vwhdg|0
vwdwh jurzwk udwh lv lqghshqghqw ri wkhvh sdudphwhuv
Qrz/ vlqfh fkdqjhv lq wkh glvwulexwlrq ri wkh " dqg wkh 
f dprqj krxvh0
krogv/ fkdqjhv wkh glvwulexwlrq ri lqfrph dprqj wkhp/ wklv uhvxow vkrzv wkdw
wkh hfrqrp|*v vwhdg|0vwdwh jurzwk udwh pd| eh wrwdoo| lqghshqghqw ri lwv
lqfrph glvwulexwlrq1 Dqrwkhu zd| ri vhhlqj zkdw lv jrlqj rq lq wklv fdvh
lv wr frqvlghu krxvhkrog l*v ghvluhg htxloleulxp udwlr ri sk|vlfdo fdslwdo shu
h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo1 Zkhq wkhuh duh qr jryhuqphqw
wudqvihuv +l1h1 C









' qdE n kqB nE 2 q wo ql 4o*d4nE qwoo
2
Qrwlfh wkdw/ lq wklv fdvh/ htxdwlrqv +57*, dqg +5;, duh lghqwlfdo= lq wklv fdvh/
wkhuh lv qhyhu dq| glhuhqfh iurp rqh krxvhkrog wr wkh qh{w lq wkhlu ghvluhg
vwhdg|0vwdwh udwlr ri wkhvh wzr w|shv ri fdslwdo1 Wkxv/ d krxvhkrog*v surgxf0
wlylw| sdudphwhu/ "c dqg lwv lqlwldo vwrfn ri kxpdq fdslwdo/ 
fc hdfk dfw olnh
d vfdoh sdudphwhu= li hlwkhu ri wkhvh sdudphwhuv lqfuhdvhv ru ghfuhdvhv/ wkhq
wkh krxvhkrog*v lqlwldo vwrfn ri sk|vlfdo fdslwdo zloo eh dgmxvwhg lq h{dfwo|
wkh vdph zd| vr wkdw lwv ghvluhg vwhdg|0vwdwh udwlr ri sk|vlfdo fdslwdo shu
h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo zloo uhpdlq xqfkdqjhg1 Wkhuhiruh/
lq wkh whuplqrorj| ri Vrorz/ zh frqfoxgh wkdw fkdqjhv lq " dqg 
f zloo kdyh
ohyho hhfwv/ exw wkh| zloo qrw kdyh jurzwk hhfwv1
Frqvlghu qh{w dq hfrqrp| lq zklfk doo krxvhkrogv duh lghqwlfdo dqg ohw xv
hqtxluh derxw wkh frqvhtxhqfhv ri fkdqjhv lq wkh udwh dw zklfk krxvhkrogv
ohduq/ B/ ru lq wkhlu uhwhqwlrq udwh/ lc ru lq wkhlu wdvwh sdudphwhu/ kc xsrq
wkh hfrqrp|*v vwhdg|0vwdwh jurzwk udwh1 Zh zloo vkrz wkdw/ xqolnh fkdqjhv
4:lq wkh surgxfwlylw| sdudphwhu/ "c ru lq wkh lqlwldo vwrfn ri kxpdq fdslwdo/
fc fkdqjhv lq dq| rqh ri wkhvh wkuhh sdudphwhuv zloo prgli| wkh hfrqrp|*v
vwhdg|0vwdwh jurzwk udwh1 Wkrxjk wklv lv qrw d vx!flhqw frqglwlrq iru wkh
glvwulexwlrq ri wkhvh fkdudfwhulvwlfv dprqj krxvhkrogv wr eh ri frqvhtxhqfh
iru wkh udwh dw zklfk wkh hfrqrp| jurzv/ lw lv d qhfhvvdu| frqglwlrq1
Lq doo ri wkh h{dpsohv zklfk zh frqvlghu/ zh zloo xvh wkh iroorzlqj vshfl0
fdwlrq iru wkh up*v surgxfwlrq ixqfwlrq=
2* + ' #c
dqg wkh iroorzlqj vhw ri ydoxhv iru vrph ri wkh hfrqrp|*v sdudphwhuv= # '
*(1 'f  ( ' w ' (4'f  fD(q 'f  b Lq wkhvh h{dpsohv/ vlqfh doo krxvh0
krogv duh lghqwlfdo/ lw zloo qrw eh qhfhvvdu| wr vshfli| wkh ydoxhv ri " dqg f=
zkdwhyhu wkhlu ydoxhv/ li wkhuh duh qr ixuwkhu glhuhqfhv ehwzhhq krxvhkrogv/
wkh| dozd|v fdqfho rxw1 Zlwk wkhvh ydoxhv iru wkh sdudphwhuv/ htxdwlrqv Eoc
Eoc cdqg b wdnh wkh iroorzlqj irup=
S*  'f  HebEfno 3 f  D(
H*  'f  2HEfno 3   DEffD  fo2dfbE n kB  fbl
ffD  fHoo3(
2H  'f  bdfbBE n k  fHo  fbl  ffDo*EffD  fo2>d q g
b* b 'E o  f  fD*fb
Qrz/ rqfh zh kdyh {hg wkh ydoxhv ri wzr ri wkhvh wkuhh sdudphwhuv/ zh zloo
eh deoh wr vroyh htxdwlrqv +69*, dqg +6;*, iru o dv d ixqfwlrq ri wkh uhpdlqlqj
sdudphwhu1 Wkhq zh zloo eh deoh wr xvh htxdwlrqv +69*,/ +5;,/ dqg +6<*, wr
vroyh iru cc dqg b dv d ixqfwlrq ri wklv uhpdlqlqj sdudphwhu1Wkh iroorzlqj
wdeoh jlyhv wkh uhvxowv ri wklv h{huflvh iru wzr ydoxhv ri wkh uhpdlqlqj sdudp0
hwhu1
o   b
B 'f  ecEkcl'E f cf  fD 9178( 31<7< 51;; 4194(
B 'f  22cEkcl'E f cf  fD 481<7( 31:89 4179 45149(
k ' f2cEBcl'E f  HcffD 614:( 41394 7135 05136(
k 'f  2 cE Bcl'E f  HcffD 441<:( 31;54 41;9 :1:7(
l 'f  f2cEkcB'E f cf  H 44159( 31;68 41<9 91<9(
l 'f  fHcEkcB'E f cf  H 61<7( 41364 61:4 0414;(
Wdeoh 4= Vroxwlrqv iru fhuwdlq sdudphwhu ydoxhv1
4;8}oeU 8}oeUU 8}oe UUU
Wr jhw d judsklfdo dssuhfldwlrq ri krz wkh vroxwlrqv sdluv +oc, ydu| dv d
ixqfwlrq ri wkh uhpdlqlqj sdudphwhu/ zh xvh Pdsoh wr judsk wkhvh vroxwlrqv1
Iljxuh L jlyhv wkh vroxwlrq sdluv dv d ixqfwlrq ri Bc z k l o hI l j x u hL Lj l y h v
wkhp dv d ixqfwlrq ri kc dqg Iljxuh LLL jlyhv wkhp dv d ixqfwlrq ri l Wkh
uhvxowv jlyhq lq Wdeoh 4 duh wkh h{wuhph ydoxhv ri wkh fruuhvsrqglqj sdudphwhu
grpdlq dv ghslfwhg lq wkh Iljxuhv1 Wkh qhjdwlyho| lqfolqhg vxuidfh lq hdfk
ri wkh jxuhv lv wkh idfwru0sulfh iurqwlhu/  'f  HebEfno  3 f  Dczklfk lv
wkh vdph lq hdfk jxuh/ vlqfh lw lv lqghshqghqw ri Bckc dqg l Wkh srvlwlyho|
lqfolqhg vxuidfh lq hdfk jxuh lv wkh fdslwdo pdunhw htxloleulxp frqglwlrq/
 ' Eoc zklfk ydulhv zlwk Bckc dqg l1
Lq dsshqgl{ E zh frpsduh wkh jurzwk shuirupdqfh ri wzr frxqwulhv1 Lq
frxqwu| L/ krxvhkrogv glhu rqh iurp dqrwkhu lq rqh ru pruh ri wkh wkuhh
sdudphwhuv +kcBcl,/ zkloh lq frxqwu| LL doo krxvhkrogv duh wkh vdph dqg
kdyh wkh phdqv ri wkh glvwulexwlrqv ri wkhvh wkuhh sdudphwhuv iru frxqwu|
L*v krxvhkrogv1 Lq wklv frqwh{w/ zh vkrz wkdw li krxvhkrogv glhu rqo| lq
wkhlu k*v ru lq wkhlu l
*v/ wkhq wkh hfrqrp|*v vwhdg|0vwdwh jurzwk udwh zloo
eh lqghshqghqw ri doo prphqwv ri wkh glvwulexwlrqv ri k dqg l
/ rwkhu wkdq
wkhlu phdqv1 Wkxv/ phdq shuvhuylqj fkdqjhv lq wkh glvwulexwlrqv ri k dqg
l
 zloo kdyh qr hhfw xsrq d frxqwu|*v udwh ri hfrqrplf jurzwk1 E| frqwudvw/
hyhq d phdq shuvhuylqj fkdqjh lq wkh glvwulexwlrq ri B
 zloo jhqhudoo| dhfw
d frxqwu|*v udwh ri hfrqrplf jurzwk1 Lq dgglwlrq/ zh vkrz wkdw wkh hhfw
ri glhuhqfhv lq wkh glvwulexwlrqv ri k/ B
 dqg l
 xsrq jurzwk duh juhdwo|
dpsolhg e| glhuhqfhv lq wkh 
f*v dqg wkh "*v1
Dv d qdo h{shulphqw/ ohw xv ghwhuplqh wkh frqvhtxhqfhv ri d uhglvwulex0
wlyh wd{ dqg wudqvihu srolf| xsrq jurzwk1 Lq sduwlfxodu/ zh zloo frqvlghu wkh
4<hhfw ri d  dw wd{ rq doo lqfrph/ zlwk wkh uhfhlswv ri wklv wd{ wudqvihuuhg wr
wkh orz lqfrph krxvhkrogv1 Zh zloo frqgxfw wkh h{shulphqw lq wkh frqwh{w
ri dq hfrqrp| zkhuh/ ehiruh wkh lqwurgxfwlrq ri wkh uhglvwulexwlyh surjudp/
wkh kljk lqfrph krxvhkrogv hduq voljkwo| pruh wkdq wkuhh dqg d kdoi wlphv
wkh lqfrph ri wkhlu orz lqfrph frxqwhusduwv1;1 Zh zloo rewdlq wklv uhvxow
li zh xvh wkh vdph sdudphwhu ydoxhv dv lq hdfk ri wkh suhfhglqj h{dpsohv
+l1h1 # ' *  cq 'f  b c4 'f  fDc1 'f   c"  ' " 2 '  
f '  2
f '  / h{fhsw
iru wkh iroorzlqj= k 'f  2 ck 2 ' f  2 cB
 'f  ScB
2 'f  2ecl
 'f  fSc
dqg l
2 'f  f2 Wkxv/ krxvhkrogv ri w|sh wzr kdyh d vwurqjhu suhihuhqfh iru
ohlvxuh wkdq gr wkhlu w|sh rqh frxqwhusduwv/ wkrxjk krxvhkrogv ri w|sh wzr
duh txlfnhu ohduqhuv dqg kdyh d kljkhu uhwhqwlrq udwh wkdq gr krxvhkrogv ri
w|sh rqh1Zlwk wkhvh sdudphwhu ydoxhv/ wkh lqlwldo vwhdg|0vwdwh htxloleulxp
zloo kdyh o 'f  fbHec dqg  'f  HSe Lq wklv htxloleulxp/ wkh glvwulexwlrq
ri lqfrph dprqj krxvhkrogv zloo eh= lqfrph dw wlph }hur iru krxvhkrogv ri
w|sh rqh lv htxdo wr ffb. +l1h1U
f@"}
fn o@
f 'f  fb.,/ zkloh wkdw iru
krxvhkrogv ri w|sh wzr lv htxdo wr fbf. +l1h1 U2
f ' "2}22
fno@2
f 'f  bf.,1
Wkxv/ lq d vwhdg|0vwdwh htxloleulxp zlwk uhglvwulexwlrq/ krxvhkrogv ri w|sh
rqh zloo eh uhfhlylqj wkh wudqvihu1 Wkh dprxqw wudqvihuuhg wr hdfk w|sh rqh








f lv dovr d ixqfwlrq ri C
fc wklv htxdwlrq lv qrw lq lwv qdo
irup1 Vxevwlwxwlqj iru @
f/ @2
fc dqg doo ri wkh sdudphwhuv lq htxdwlrq +73,/ dqg
vroylqj wkh uhvxowlqj h{suhvvlrq iru C
fc zh rewdlq=
73*,C
fE'E   EED.eEffD  fo2n
oEfHSS.  Ho*EffD n fbo  o
;Wkh uhdvrq iru fkrrvlqj wklv lqfrph glhuhqwldo lv wkdw lw lv vlplodu wr zkdw zh revhuyh
lq Zhvwhuq Hxursh/ dqg lv voljkwo| ohvv wkdq zkdw zh revhuyh lq Fdqdgd1 Lq dgglwlrq/
lq erwk Fdqdgd dqg Zhvwhuq Hxursh uhglvwulexwlyh wd{ dqg wudqvihu srolflhv rffxs| dq
lpsruwdqw sodfh/ dqg wkhlu jurzwk shuirupdqfh kdv ehhq glvdssrlqwlqj lq uhfhqw |hduv1 E|
frqwudvw/ lq wkh Xqlwhg Vwdwhv revhuyhg glhuhqwldov duh frqvlghudeo| kljkhu wkdq lq hlwkhu
Fdqdgd ru Zhvwhuq Hxursh/ wkhuh lv ohvv uhglvwulexwlrq dqg uhfhqw jurzwk shuirupdqfh kdv
ehhq vxshulru1
Lq dgglwlrq/ lq urz iwhhq ri wkh Wdeoh lq Dsshqgl{ E/ wkh orz lqfrph krxvhkrogv
hduq rqo| rqh vl{wlhwk wkdw ri wkhlu kljk lqfrph frxqwhusduwv1 Ghvslwh wklv kxjh lqfrph
glhuqwldo/ wkh uhvxowv ri wkh h{shulphqw zhuh doprvw lghqwlfdo wr wkrvh uhsruwhg lq wkh wh{w1
Lqghhg/ hyhu| h{dpsoh zklfk zh kdyh vroyhg kdv |lhoghg txdolwdwlyho| wkh vdph uhvxowv1
53Wkxv/ wkh dprxqw ri wkh wudqvihu zloo eh d ixqfwlrq ri wkh pdujlqdo wd{ udwh
rq doo lqfrph= E  
Qrz/ jlyhq wkh ydoxhv iru doo ri wkh hfrqrp|*v sdudphwhuv/ wkh fdslwdo
pdunhw htxloleulxp frqglwlrq/  ' Eoc wkh djjuhjdwh udwlr ri sk|vlfdo
fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo/  ' g*Mc hdfk w|sh
ri krxvhkrog*v doorfdwlrq ri lwv wlph ehwzhhq ohlvxuh/ ,c lqyhvwlqj lq kxpdq
fdslwdo/ Kc dqg gholyhulqj lwv kxpdq fdslwdo wr d up/ }c doo ehfrph=
 ' 
fffDDSHD n fff2o  f22Df.of2ffeSSo2nf  222.e2o2
Efno   DEfD2fH  H.D  fe.onb  .D2o
(
 ' 
EfD2fH  H.D  fe.onb  .D2o
ff2HbD n fD2fH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SD.S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*fb(
} 'E f  fD  fo*fee(
}2 'E f  fD  fo*f2S(
K 'E onf  ffe*fee(
K2 'E off2*f2S(
, 'E f  o*fS( dqg
,2 'E f  22  o*f2e
Wkh vwhdg|0vwdwh htxloleulxp ydoxhv dw wkuhh glhuhqw ohyhov iru wkh diwhu
wd{ udwh/ cdqg wkh fruuhvsrqglqj wudqvihu surjudp/ C
fEc duh jlyhq lq Wdeoh
51
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} f2.b fHS f2HD fbf f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K f. f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S fb
A@K,e 2
Dv wkh diwhu wd{ udwh/ cydulhv iurp 4 wr 31:/ wkh vwhdg|0vwdwh htxloleulxp
ydoxhv iru wkh zdjh udwh dqg wkh lqwhuhvw udwh duh suhvhqwhg judsklfdoo| lq
Iljxuh 7= dv wkh pdujlqdo wd{ udwh rq lqfrph lqfuhdvhv iurp }hur wr wkluw|
54Iljxuh 7
shufhqw/ wkh htxloleulxp udwh ri lqwhuhvw ehjlqv e| lqfuhdvlqj dqg/ wkhuhdiwhu/
lw ghfuhdvhv frqwlqxdoo|1 Ghvslwh wklv dpeljxlw| derxw wkh gluhfwlrq ri fkdqjh
lq wkh lqwhuhvw udwh dv wkh wd{ udwh lqfuhdvhv/ Iljxuh 8 vkrzv wkdw wkhuh lv qr
dpeljxlw| derxw wkh gluhfwlrq ri fkdqjh lq wkh jurzwk udwh dv wkh wd{ udwh
lqfuhdvhv= wkh udwh ri hfrqrplf jurzwk lv d vwulfwo| ghfuhdvlqj ixqfwlrq ri
wkh wd{ udwh1 Lqghhg/ dv wkh lqfrph wd{ udwh lqfuhdvhv iurp }hur wr wkluw|
shufhqw/ wkh hfrqrp|*v jurzwk udwh ghfuhdvhv e| doprvw vl{w|0vhyhq shufhqw1
Dv fdq eh vhhq iurp Iljxuhv 9/ :/ dqg ;/ krxvhkrogv ri w|sh wzr/ zkr kdyh
d vwurqjhu suhihuhqfh iru ohlvxuh wkdq gr wkrvh ri w|sh rqh/ dozd|v vshqg d
odujhu sursruwlrq ri wkhlu wlph lq ohlvxuh/ dqg d vpdoohu sursruwlrq lq lqyhvwlqj
lq kxpdq fdslwdo ru lq gholyhulqj wkhlu kxpdq fdslwdo wr d up wkdq gr wkhlu
w|sh rqh frxqwhusduwv= frpsduh fxuyhv ,^4`/e ^ 4 ` / dqg j^4` wr fxuyhv ,^5`/e ^ 5 ` /
dqg j^5`1 Krzhyhu/ e| idu wkh prvw lpsruwdqw hhfw ri wkh wd{ dqg wudqvihu
surjudp rq wkh doorfdwlrq ri d krxvhkrog*v wlph lv wkdw lw juhdwo| ghfuhdvhv
wkh sursruwlrq ri wlph wkdw doo krxvhkrogv ghyrwh wr lqyhvwphqw lq kxpdq
fdslwdo= dv rqh fdq vhh iurp Iljxuh 9/ dv wkh lqfrph wd{ udwh lqfuhdvhv iurp
}hur wr wkluw| shufhqw/ krxvhkrogv ri w|sh rqh/ e^4`/ uhgxfh wkh sursruwlrq
ri wlph wkh| ghyrwh wr lqyhvwphqw lq kxpdq fdslwdo e| pruh wkdq iruw|0yh
shufhqw/ zkloh krxvhkrogv ri w|sh wzr/ e^5`/ uhgxfh wkhluv e| mxvw xqghu wkluw|
shufhqw1
Wkh wlph vdyhg iurp lqyhvwlqj lq kxpdq fdslwdo frxog eh xvhg hlwkhu wr
lqfuhdvh wkh sursruwlrq ri wlph vshqw gholyhulqj lwv kxpdq fdslwdo wr d up
ru wkh sursruwlrq vshqw lq ohlvxuh1 Dv Iljxuhv : dqg ; vkrz/ wklv wlph vdyhg
lv vshqw pdlqo| lq ohlvxuh dqg rqo| pdujlqdoo| lq gholyhulqj lwv kxpdq fdslwdo=
55krxvhkrogv ri w|sh rqh lqfuhdvh wkhlu ohlvxuh wlph e| doprvw wzhqw|irog/ dqg
Iljxuh 8 Iljxuh 9
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lqfuhdvh wkh sursruwlrq vshqw gholyhulqj kxpdq fdslwdo e| mxvw ryhu vhyhq
shufhqw/ zkloh krxvhkrogv ri w|sh wzr lqfuhdvh wkhlu sursruwlrq lq ohlvxuh e|
doprvw wzhqw|0yh shufhqw/ dqg lqfuhdvh wkhlu sursruwlrq lq gholyhulqj kxpdq
fdslwdo e| voljkwo| pruh wkdq vhyhq shufhqw1
Wkxv/ lq wklv frqwh{w/ d surjudp wr uhglvwulexwh lqfrph iurp kljk lqfrph
wr orz lqfrph krxvhkrogv zloo kdyh wkh shuyhuvh hhfw ri uhgxflqj lqyhvwphqw
lq kxpdq fdslwdo e| doo krxvhkrogv/ lqfoxglqj wkh ehqhfldulhv ri wkh surjudp1
Dv d uhvxow/ vxfk d surjudp zloo uhgxfh d frxqwu|*v udwh ri hfrqrplf jurzwk/
dqg wkh hhfw xsrq jurzwk zloo eh pruh lpsruwdqw wkh pruh dpelwlrxv wkh
surjudp1
Lq wklv prgho/ lqfuhdvlqj wkh sursruwlrq ri wlph vshqw lqyhvwlqj lq kx0
pdq fdslwdo/ ru lqfuhdvlqj wkh sursruwlrq vshqw gholyhulqj lwv kxpdq fdslwdo
duh wzr frpshwlqj zd|v iru d krxvhkrog wr lqfuhdvh lwv uhyhqxh1 Iru h{0
dpsoh/ lqfuhdvlqj wkh sursruwlrq ri wlph vshqw lqyhvwlqj lq kxpdq fdslwdo
zloo/ fhwhulv sdulexv/ lqfuhdvh wkh surgxfw +"}
|, e| dxjphqwlqj wkh 
|
56whup/ zkloh lqfuhdvlqj wkh sursruwlrq vshqw lq gholyhulqj lwv kxpdq fdslwdo
zloo/ fhwhulv sdulexv/ dovr lqfuhdvh wklv vdph surgxfw/ e| dxjphqwlqj wkh }
whup= lqfuhdvlqj uhyhqxh e| hlwkhu lqfuhdvlqj wkh vwrfn ri kxpdq fdslwdo/ ru
e| lqfuhdvlqj wkh lqwhqvlw| ri xvh ri dq h{lvwlqj vwrfn ri kxpdq fdslwdo1 Dv
d uhvxow/ li krxvhkrog l zhuh wr fkrrvh wr uhgxfh wkh sursruwlrq ri lwv wlph
zklfk lw vshqgv lqyhvwlqj lq kxpdq fdslwdo/ zh zrxog h{shfw lw wr xvh wkh
wlph vdyhg wr lqfuhdvh wkh sursruwlrq zklfk lw vshqgv lq ohlvxuh dv zhoo dv lq
gholyhulqj lwv kxpdq fdslwdo= e| vr grlqj/ wkh krxvhkrog zloo glplqlvk wkh
uhgxfwlrq lq lwv lqfrph dulvlqj iurp wkh vpdoohu vwrfn ri kxpdq fdslwdo zklfk
lw zloo kdyh lq wkh ixwxuh1 Lq rwkhu zrugv/ zh zrxog h{shfw wkdw wkh sursru0
wlrq ri wlph vshqw lqyhvwlqj lq kxpdq fdslwdo/ K/ dqg wkh sursruwlrq vshqw
lq gholyhulqj lwv kxpdq fdslwdo/ }/ zrxog eh vxevwlwxwhv iru wkh krxvhkrog/
zkloh wkh sursruwlrq zklfk lw vshqgv lq ohlvxuh/ ,/ dqg wkh sursrwlrq vshqw lq
gholyhulqj lwv kxpdq fdslwdo zrxog eh frpsolphqwv1 Lqghhg/ wklv lv suhflvho|
zkdw zh rewdlq iru wklv prgho1 Wkh hhfw ri dq lqfuhdvh lq wkh  dw udwh ri
wd{ rq doo lqfrph zloo ohdg krxvhkrog l wr dgmxvw wkh txdqwlw| ri ohlvxuh zklfk
lw ghpdqgv e|=
Y,*Y ' Eo n Yo*Y*B

Dv  lqfuhdvhv wkh wd{ udwh ghfuhdvhv/ vr zh zrxog h{shfw wklv ghulydwlyh wr
eh qhjdwlyh1 Lq dgglwlrq/ wkh hhfw ri wklv fkdqjh xsrq wkh sursruwlrq ri
wlph zklfk wkh krxvhkrog vshqgv gholyhulqj lwv kxpdq fdslwdo lv=
Y}*Y 'E q EY,*Y*q(
zklfk zloo dovr eh qhjdwlyh= , dqg } duh jurvv frpsohphqwv iru wkh krxvhkrog1
Ixuwkhupruh/ wkh sursruwlrq vshqw lqyhvwlqj lq kxpdq fdslwdo zloo eh=
YK*Y ' Y,*Y  Y}*Y(
zklfk zloo eh srvlwlyh= K dqg ,/r uK dqg } duh jurvv vxevwlwxwhv lq wklv
prgho1 Wkhuhiruh/ wklv zrxog ohdg rqh wr suhglfw wkdw dq lqfuhdvh lq wkh wd{
udwh zrxog lqfuhdvh wkh whup lq wkh ghqrplqdwru ri wkh hfrqrp|*v vwhdg|0
vwdwh udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdswldo1
Wklv zrxog whqg wr lqfuhdvh wkh hfrqrp|*v udwh ri lqwhuhvw1
Zlwk dq lqfuhdvh lq wkh wd{ udwh rq doo lqfrph/ hdfk krxvhkrog zloo voljkwo|
lqfuhdvh lwv } dqg lw zloo pruh suhflslwrxvo| ghfuhdvh K1D v d u h v x o w / w k h
fxuyh ri hdfk krxvhkrog*v qhw kxpdq fdslwdo lqfrph zloo ghfuhdvh wr d juhdwhu
h{whqw lq wkh ixwxuh wkdq lq wkh suhvhqw1 Khqfh/ hdfk krxvhkrog zloo zlvk wr
lqfuhdvh lwv fxuuhqw vdylqjv lq rughu wr vprrwk rxw lwv frqvxpswlrq1 Wkxv/
hdfk krxvhkrog zloo lqfuhdvh lwv ghpdqg iru sk|vlfdo fdslwdo +l1h1 wkh yhklfxoh
lq zklfk vdylqjv duh vwruhg,1 Wklv zloo whqg wr lqfuhdvh wkh hfrqrp|*v vwhdg|0
vwdwh udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw ri kxpdq fdslwdo1 Wklv zloo
57whqg wr ghfuhdvh wkh hfrqrp|*v udwh ri lqwhuhvw1
Wkh hhfw ri dq lqfuhdvh lq wkh lqfrph wd{ xsrq wkh hfrqrp|*v vwhdg|0
vwdwh udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq fdslwdo
zloo ghshqg xsrq wkh uhodwlyh lpsruwdqfh ri wkhvh wzr rssrvlqj irufhv= wkh
lqfuhdvh lq wkh }/ dqg wkh lqfuhdvh lq sk|vlfdo fdslwdo lqyhvwphqw1 Wkh
uhvxowdqw hhfw ri wkhvh wzr irufhv lq wkh deryh h{dpsoh duh ghslfwhg lq wkh
iroorzlqj gldjudp=
Iljxuh <
Dv zh fdq vhh iurp Iljxuh </ wkh uvw hhfw grplqdwhv xqwlo wkh wd{ udwh
uhdfkhv derxw irxuwhhq shufhqw/ dqg wkhuhdiwhu wkh vhfrqg hhfw wdnhv ryhu1
Krzhyhu/ dv wkh wd{ udwh lqfuhdvhv wkh hfrqrp|*v vwhdg|0vwdwh jurzwk udwh zloo
frqwlqxdoo| ghfolqh= wkrxjk wkh lqwhuhvw udwh lqlwldoo| lqfuhdvhv/ wkh jurzwk
udwh vwloo ghfuhdvhv ehfdxvh  ghfuhdvhv e| pruh wkdq o lqfuhdvhv/ Yb*Y '
EonYo*Y*q : f
7F r q f o x v l r q 1
Lq wklv sdshu zh glvdjjuhjdwhg wkh X}dzd0Oxfdv prgho ri hqgrjhqrxv jurzwk
wr doorz iru d ydulhw| ri glhuhqfhv ehwzhhq krxvhkrogv1 Lq wklv prglhg
prgho/ krxvhkrogv fdq eh glvwlqjxlvkhg rqh iurp dqrwkhu lq dv pdq| dv whq
glhuhqw zd|v=4, lq wkhlu lqlwldo vwrfn ri kxpdq fdslwdo/ k
f>5 ,lq wkhlu vshhg
ri ohduqlqj/ B
>6 ,lq wkhlu uhwhqwlrq udwh +l1h1 rqh plqxv wkhlu ghsuhfldwlrq
udwh rq kxpdq fdslwdo,/ l
>7 ,lq wkhlu surgxfwlylw|/ ">8 ,l qw k h l uu d w hr iw l p h
glvfrxqw/ 4>9 ,lq wkh hodvwlflw| ri wkhlu pdujlqdo xwlolw| ri frqvxpswlrq/ q
>
:, lq wkhlu pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dqg ohlvxuh/
58zklfk lv ghwhuplqhg e| wkh ydoxh ri k>; ,lq wkhlu pdujlqdo wd{ udwh rq wkh
lqfrph iurp kxpdq fdslwdo/ +  ,>< ,lq wkhlu pdujlqdo wd{ udwh rq wkh
lqfrph iurp sk|vlfdo fdslwdo/ +  w
,> dqg 43, lq wkh wudqvihuv wkdw wkh|
uhfhlyh iurp wkh jryhuqphqw/ C
|1
Lq sursrvlwlrq rqh/ zh ghprqvwudwhg wkdw li q
 9' q
c ru li 4 9' 4c ru li
w
 9' w
 iru dq|  9' c wkhq/ zlwk suredelolw| rqh/ wkh hfrqrp| frxog qrw eh
d vwhdg|0vwdwh htxloleulxp1 Vlqfh wklv zdv h{dfwo| wkh htxloleulxp frqfhsw
zklfk zh sodqqhg wr vwxg| lq wklv sdshu/ zh uhtxluhg wkdw doo krxvhkrogv
kdyh wkh vdph q*vc4*vc dqg w*v
Zh dovr irxqg wkdw li krxvhkrogv glhuhg rqo| lq wkhlu surgxfwlylw| sd0
udphwhu/ "c ru lq wkhlu lqlwldo hqgrzphqw ri kxpdq fdslwdo/ 
f/ wkdw fkdqjhv
lq wkh glvwulexwlrq ri wkhvh yduldeohv dprqj krxvhkrogv zrxog dhfw wkh glv0
wulexwlrq ri lqfrph/ frqvxpswlrq dqg sk|vlfdo fdslwdo/ exw lw zrxog qrw dhfw
wkh vwhdg|0vwdwh udwh ri hfrqrplf jurzwk= sursrvlwlrq wzr1 Ghvslwh wklv idfw/
krzhyhu/ glhuhqfhv lq wkh ydoxh ri wkhvh sdudphwhuv dprqj krxvhkrogv zloo
dpsoli| wkh jurzwk hhfw fdxvhg e| rwkhu glhuhqwldwlqj fkdudfwhulvwlfv1
Ixuwkhupruh/ lq sursrvlwlrq wkuhh/ zh vkrz wkdw li wzr frxqwulhv glhu
rqo| lq wkh glvwulexwlrqv ri wkhlu k*v/ ru l
*v dqg li wkhvh glvwulexwlrqv gli0
ihu rqo| lq wkhlu phdqv/ wkhq wkh wzr frxqwulhv zloo kdyh wkh vdph udwh ri
hfrqrplf jurzwk1 Wkxv/ phdq0suhvhuylqj fkdqjhv lq wkh glvwulexwlrqv ri wkh
k dqg l
 ehwzhhq frxqwulhv zloo qrw kdyh dq| jurzwk frqvhtxhqfhv/ sur0
ylghg wkdw wkh wzr frxqwulhv glhu rqo| lq wkhlu glvwulexwlrqv ri wkhvh wzr
sdudphwhuv1
Ilqdoo|/ zh vkrzhg wkdw d uhglvwulexwlyh wd{ dqg wudqvihu surjudp zloo
kdyh wkh shuyhuvh hhfw ri uhgxflqj lqyhvwphqw lq kxpdq fdslwdo e| doo krxvh0
krogv/ lqfoxglqj wkh ehqhfldulhv ri wkh surjudp1 Dv d uhvxow vxfk d surjudp
zloo uhgxfh d frxqwu|*v udwh ri hfrqrplf jurzwk/ dqg wkdw wkh uhgxfwlrq lq
wkh jurzwk udwh zrxog eh juhdwhu wkh pruh dpelwlrxv wkh surjudp1
Lq ixwxuh uhvhdufk/ lw zrxog eh lqwhuhvwlqj wr whvw wkh urexvwqhvv ri wkhvh
uhvxowv e| xvlqj glhuhqw irupxodwlrqv ri wkh /E,
| ixqfwlrq1 Lqghhg/ duh
rxu uhvxowv rq uhglvwulexwlrq dqg jurzwk dw doo vhqvlwlyh wr wkh irup ri wklv
ixqfwlrqB
D vhfrqg sdwk wkdw zrxog eh zruwk h{sorulqj lv wr vwxg| wkh ehkdylrxu ri
wkh hfrqrp| gxulqj wkh wudqvlwlrq iurp rqh vwhdg|0vwdwh htxloleulxp wr wkh
qh{w1 Lq sduwlfxodu/ zloo wkh hfrqrp| frqyhujh txlfno| wr d qhz vwhdg|0vwdwh/
dqg zloo wkh sdwk ri frqyhujhqfh eh prqrwrqlf1 Dovr/ iru hdfk krxvhkrog
w|sh/ wr zkdw ydoxh zloo lwv vwrfn ri kxpdq fdslwdo frqyhujh/ dqg krz zloo
lw ydu| dv d ixqfwlrq ri lwv vshhg ri ohduqlqj/ B
c dqg ri lwv uhwhqwlrq udwh/
59E  l

Lw zrxog dovr eh lqwhuhvwlqj wr ghwhuplqh zkhwkhu wkh hpslulfdo uhfrug
fdq eh xvhg wr fdvw oljkw rq wklv prgho1 Rqh zd| lq zklfk wkh hpslulfdo
uhfrug frxog eh xvhg zrxog eh lq wu|lqj wr lghqwli| zkdw ydoxhv iru wkh
prgho*v sdudphwhuv zrxog eh uhtxluhg lq rughu wr rewdlq d jrrg wudfnlqj ri
wkh frxqwu|*v klvwrulfdo hyroxwlrq1
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Lq wklv sduw ri wkh dsshqgl{ zh zloo ghulyh wkh ghpdqg dqg vxsso| ixqfwlrqv
zklfk duh lpsolhg e| wkh uvw0rughu frqglwlrqv dvvrfldwhg zlwk hdfk krxvh0
krog*v fkrlfh sureohp/ dqg e| wkh frqvwudlqwv xsrq lwv fkrlfhv1 Iru frqyh0
qlhqfh/ zh zloo uhshdw wkhvh htxdwlrqv ehorz dqg zh zloo uhqxpehu wkhp lq
vhtxhqfh=
D4, f  ,| 'K |} |(K |f(@?_ }|  f(
D5,  | ' BK|| l|(
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|}"( dqg
D;,  >| ' Ya*Y@| ' >|wo(
zkhuh/ iru vlpsolflw|/ zh kdyh gursshg wkh w|sh lqgh{ l1
Ohw xv ehjlq e| ghwhuplqlqj wkh rswlpdo doorfdwlrq ri d krxvhkrog*v wlph
ehwzhhq lqyhvwlqj lq kxpdq fdslwdo K|c gholyhulqj lwv kxpdq fdslwdo wr d up
5;}|/ dqg ohlvxuh ,|1 Wr gr wklv/ ehjlq e| vhwwlqj +D8, htxdo wr +D9,/i u r pz k l f k
rqh fdq frqfoxgh wkdw
D<, >||"'D|B
Wkhq wdnlqj wkh wlph ghulydwlyh ri wkh orj ri htxdwlrq +D<,/ zh rewdlq=
D43,  >|*>| ' D | *D|   |*|
Qh{w/ vxevwlwxwlqj +D<, lqwr +D:,/ dqg xvlqj +D43, dqg +D;,/ zh rewdlq=
 D|*D| ' l  B EK| n }|(ru
D44, EK| n }|'d lnwo   *o*B<
Wkhq vxevwlwxwlqj +D44, lqwr +D4, |lhogv=
D45, ,| 'd Blwo   |*|o*B
Wr ghwhuplqh wkh htxloleulxp ydoxh ri e|c dgg 2ES|c, |e 34| wr erwk vlghv ri
htxdwlrq+D9,/ dqg wkhq wdnlqj wkh wlph ghulydwlyh ri wkh orj ri wkh uhvxowlqj
htxdwlrq/ zh rewdlq=
D46, j,S S|*S| n j, ,|*,| n 4 n D | *D| n  |*| 'f >z k h u hj ,' , |  22*2c
dqg j,S ' S|2*2 Qrz/ zkhq wkh hfrqrp| lv rq d vwhdg|0vwdwh jurzwk sdwk
+l1h1 erwk o dqg  duh frqvwdqw,/ +D45, ehfrphv=
D45*, ,| 'E Blwo*B
Wkxv/ rq d vwhdg|0vwdwh jurzwk sdwk/ +D45*, lpsolhv wkdw  ,*, 'f Vlploduo|/
+D43, dqg +D;, lpso| wkdw  D*D ' wo/z k l o h+ D5, vd|v wkdw  |*| ' BK|l1
Wkxv/ diwhu vxevwlwxwlqj wkhvh ydoxhv lqwr htxdwlrq +D46, dqg vroylqj wkh
uhvxowlqj htxdwlrq iru e|/ zh rewdlq=
D47, K| 'd l4nwo j,S S|*S|o*B
Vxevwlwxwlqj +D47, lqwr +D44, |lhogv=
D48, }| 'd 4nj ,S S|*S|o*B
Wkh lqvwdqwdqhrxv sursruwlrqdwh udwh ri jurzwk ri d krxvhkrog*v vwrfn
ri kxpdq fdslwdo lv rewdlqhg e| vxevwlwxwlqj htxdwlrq Ee lqwr frqglwlrq
E2 G
D49,  |*| ' wo 4j,S S|*S|
Wr ghwhuplqh wkh rswlpdo wlph sdwk ri S|c uvw xvh htxdwlrqv Ee dqg
ED wr rewdlq=
D4:, 2 ES|c, |' E S |c, |"|
<Qrz/ li ohlvxuh glg qrw dsshdu dv dq dujxphqw lq wkh krxvhkrog*v xwlolw| ixqfwlrq/ wkhq
+e . j,@41 Dv d uhvxow/ frqglwlrq +D44, zrxog wdnh wkh irup/ @^ . u 

z@z`> zklfk lq
d vwhdg|0vwdwh htxloleulxp lpsolhv wkdw u @+  , @= wkhuh zrxog rqo| eh rqh srvvleoh
vwhdg|0vwdwh jurzwk udwh  @+ u  ,@ @+  , @= Zh zrxog/ wkxv/ kdyh orvw wkh
ghjuhh ri iuhhgrp zklfk kdv shuplwwhg xv wr glvdjjuhjdwh wkh krxvhkrog vhfwru ri wkh
hfrqrp|1
5<Wkhq/ wdnlqj orjv ri erwk vlghv ri E./ dqg wkh wlph ghulydwlyh ri wkh
uhvxowlqj htxdwlrq/ zh rewdlq=
D4;,  S|*S| 'd  |*| nE j ,j S, ,*,o*EjS j,Sc
zkhuh jS ' S|SS*S/ j, ' ,,,*,cj ,S ' S|,S*,c dqg jS, ' ,S,*S Djdlq/
lq d vwhdg|0vwdwh htxloleulxp/ +D45*, lpsolhv wkdw  ,*, 'f czkloh +D49, jlyhv
xv wkh ydoxh iru  |*| Wkhuhiruh/ vxevwlwxwlqj wkhvh yodxhv lqwr +D4;,/z h
rewdlqG
D4;*,  S|*S| 'E wo 4*jS
Wkxv/ wkh udwh ri frqvxpswlrq zloo eh lqfuhdvlqj zlwk wlph li wkh diwhu wd{
udwh ri lqwhuhvw/ woc lv juhdwhu wkdq wkh udwh ri wlph glvfrxqw/ 4 Vxevwlwxwlqj
+D4;*, lqwr +D47, dqg +D48, |lhogv=
D47*, K 'd lnE j Sj ,SEwo 4*jSo @?_
D48*, } 'd 4nj ,SEwo 4*jSo*B
Wkhuhiruh/ +D45*,/ +D47*,/d q g+ D48*, lpso| wkdw wkh vwhdg|0vwdwh doorfdwlrq
ri d krxvhkrog*v wlph ehwzhhq lqyhvwlqj lq kxpdq fdslwdo/ Kc gholyhulqj lwv
kxpdq fdslwdo/ }c dqg ohlvxuh/ ,c lv frqvwdqw wkurxjk wlph1
Qh{w/ vxevwlwxwlqj +D4;*, lqwr +D49, |lhogv=
D49*  |*| 'E j Sj ,SEwo 4*jS
Lqwhjudwlqj +D49*, dqg +D4;*, iurp }hur wr w |lhogv=
D4< S| ' SfeEwo34|*jS( dqg
D53 | ' feEjS3j,SEwo34|*jS
Wkxv/ +D4<, dqg +D53, |lhog h{solflw ixqfwlrqdo irupv iru S| dqg | Krzhyhu/
S| lv vwloo qrw lq lwv qdo irup/ vlqfh Sf lv dovr dq hqgrjhqrxv yduldeoh1
Wr ghwhuplqh wkh rswlpdo ydoxh iru wkh krxvhkrog*v lqlwldo udwh ri frq0
vxpswlrq/ Sf/ ehjlq e| uhrujdql}lqj wkh whupv lq frqglwlrq +D6,/ wkhq pxowl0
so|lqj wkh uhvxowlqj htxdwlrq e| wkh lqwhjudwlqj idfwru/ e3wo|c dqg lqwhjudwlqj















Hdfk ri wkh irxu lqwhjudov lq htxdwlrq E2 qhhg wr eh lqglylgxdoo| hydoxdwhg1





_5@5e3wo5_5 ' @5e3wo5 m"
f '  *4
5<"@5e3wo5 n@f ' @f
Wkh olplw whup lq htxdwlrq E22 zloo frqyhujh wr }hur/ dv zh kdyh dvvxphg/
dv orqj dv @| j u r z vd wdu d w hz k l f kl vo h v vw k d qwo Vlploduo|/ wkh vhfrqg ri











i TidEj,S  jS4  j,Swoo5*jSj_5
'
jS"}f
dEj,S3jS43j,Swoo i TidEj,S  jS4  j,Swoo5*jSjm "
f
'j S"}f*dj,Swo Ej,S  jS4o(
zklfk frqyhujhv wr wkh lqglfdwhg ydoxh/ dv orqj dv ^j,Swo  Ej,S  jS4o lv







Sf i TidE  jSwo 4o5*jSj_5
'
jSSf
dE3jSwo34o i TidE  jSwo 4o5*jSjm "
f
'j SS f* d 4E  jSwoo(
zklfk frqyhujhv wr wkh lqglfdwhg ydoxh/ dv orqj dv ^4  E  jSwoo lv srvl0
wlyh1 Vlploduo|/ lq d vwhdg|0vwdwh htxloleulxp wkh wudqihu zklfk wkh krxvhkrog
uhfhlyhv iurp wkh jryhuqphqw zloo kdyh wr jurz dw wkh vdph udwh dv frq0
vxpswlrq= rwkhuzlvh/ krxvhkrogv uhfhlylqj jryhuqphqw wudqvihuv zrxog qrw
eh deoh wr qdqfh wkhlu frqvxpswlrq surjudp dqg wkh hfrqrp| frxog qr







Cf i TidE  jSwo 4o5*jSj_5
' jSCf
dE3jSwo34o i TidE  jSwo 4o5*jSjm "
f
'j SC f* d 4E  jSwoo
Vxevwlwxwlqj wkh uljkw kdqg vlghv ri E22cE2cE2ec dqg E2D lqwr
E2 |lhogv=
D59, Sf 'd 4E  jSwooi@f*jS nC f* d 4E  jSwoo
."}f*dj,Swo Ej,S  jS4oj
Wklv lv vwloo qrw wkh qdo irup iru Sfc vlqfh @f lv dovr dq hqgrjhqrxv yduldeoh1
Qrz/ li zh vxevwlwxwh E2* dqg E2f lqwr E./z hz l o oe hd e o hw r
vroyh iru @f dv d ixqfwlrq ri f Krzhyhu/ vlqfh zh kdyh qrw dv |hw vshflhg d
sduwlfxodu ixqfwlrqdo irup iru Ecc wkh uhvxowlqj ixqfwlrq iru @f zloo qrw eh
h{solflw1 Exw/ dv zh kdyh douhdg| qrwhg lq wkh wh{w/ wkh h{lvwhqfh ri d vwhdg|0
vwdwh jurzwk htxloleulxp uhtxluhv wkdw wkh xwlolw| ixqfwlrq eh d phpehu ri
wkh idplo|=
2. ES|c, |'i S
 3 q
| i TdE  q/E,|o  j*E  q(
Vlqfh wklv lv suhflvho| wkh w|sh ri htxloleulxp zklfk zh zlvk wr vwxg|/ zh
pd| dv zhoo dgrsw wklv dvvxpswlrq lpphgldwho|/ dv zhoo dv vxssrvlqj wkdw
/E,| kdv wkh iroorzlqj ixqfwlrqdo irup=
2H /E,|'* L } E kn, |(




| E kn, |  3 q* E  q(
vr wkdw lw kdv wkh vdph ixqfwlrqdo irup dv d Vwrqh0Jhdu| xwlolw| ixqfwlrq1
Pdnlqj xvh ri +D5:*, lq +D4:,/ zh rewdlq=
.* S| 'E kn, | "|
Ixuwkhupruh/ zlwk xwlolw| ixqfwlrq +D5:*,/z hk d y hw k d ww k hh o d v w l f l w |
ri wkh pdujlqdo xwlolw| ri frqvxpswlrq/ jS ' qc dqg wkdw j,S 'E q
Vxevwlwxwlqj wkhvh ydoxhv lqwr EbcE2fcdqg E2Sc zh rewdlq=
b* S| ' SfeEwo34|*q(
2f* | ' feEwo34|*q( dqg
2S* Sf ' iCf n "}fnd 4E  qwoo@f*qj
Ilqdoo|/ diwhu vxevwlwxwlqj +D45*,/ +D4<*, dqg +D53*, lqwr +D4:*,/ zh rewdlq=
. Sf 'd E nk  Blwoo"f*B
Qrz/ zlwk +D4:, dqg +D59*,/ zh kdyh wzr htxdwlrqv iru Sf Vhwwlqj wkhp
htxdo/ dqg vroylqj wkh uhvxowlqj htxdwlrq iru @f/ zh rewdlq=
2b @f 'd E nk  qBnE2qwoql4"fqBCfo*Bd4Eqwoo
Zlwk +D5<,/ zh kdyh h{kdxvwhg wkh lqirupdwlrq frqwdlqhg lq wkh frqvwdlqwv
rq wkh krxvhkrog*v fkrlfhv dqg lq wkh uvw0rughu frqglwlrqv dvvrfldwhg zlwk
wkh krxvhkrog*v ghflvlrq sureohp
Wr vxppdul}h/ wkh ghpdqg dqg vxsso| ixqfwlrqv iru krxvhkrog l dw gdwh
wd u h =
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d4  4E  qwoo2
Ri frxuvh/ xvlqj wkhvh ixqfwlrqv uhtxluhv hlwkhu wkdw zh dvvxph ru yhuli|
wkh vdwlvidfwlrq ri wkh frqyhujhqfh frqglwlrqv xsrq zklfk wkhlu ghulydwlrq lv
edvhg= wkdw ^4  E  qwoo lv srvlwlyh +l1h1 wkh wlph vshqw gholyhulqj kxpdq
fdslwdo/ }/ lv srvlwlyh,/ dqg wkdw wkh udwh ri jurzwk ri @| lv ohvv wkdq wo1
Krzhyhu/ vlqfh wkh udwh ri jurzwk ri @| lv Ewo 4*q/ wkh uhtxluhphqw Ewo 
4*q 	 wo wxuqv rxw wr eh wkh vdph dv d4  E  qwoo : f Wkhuhiruh/ wkhvh
65wzr frqyhujhqfh frqglwlrqv uhgxfh wr wkh vlqjoh frqglwlrq d4Eqwoo : fG
zkhqhyhu wkh sursruwlrq ri wlph zklfk hdfk krxvhkrog vshqgv lq gholyhulqj
lwv kxpdq fdslwdo wr d up lv srvlwlyh/ wklv frqglwlrq zloo dxwrpdwlfdoo| eh
vdwlvhg1
Zlwk wklv zh kdyh frpsohwhg rxu dqdo|vlv ri wkh fkrlfh sureohp ri hdfk
krxvhkrog1 Zh wxuq qh{w wr dq dqdo|vlv ri wkh up vhfwru1
81315 Wkh Ilup Vhfwru=
Wkh surgxfwlrq whfkqrorj| ri wkh shuihfwo| frpshwlwlyh up/ zklfk kluhv wkh
vhuylfhv ri sk|vlfdo dqg kxpdq fdslwdo wr surgxfh lwv rxwsxw/ lv=
D6;, t| ' 8 Eg|cM |
Wklv whfkqrorj| lv dvvxphg wr eh wzlfh frqwlqxrxvo| glhuhqwldeoh/ krprjh0
qhrxv ri ghjuhh rqh dqg wr vdwlvi| wkh Lqdgd frqglwlrqv=
8 Ebg|cbM |'b8 Eg|cM |(zkhuh b:fdqg wkxv
t| ' M|s E|czkhuh | ' g|*M|( dqg
*4
|<fs E|' *  4
 |<"s E|'4 cdqg *4
|<"s E|' *  4
 |< fsE  |'f 
Pdnlqj xvh ri wklv lqirupdwlrq/ zh fdq h{suhvv wkh up*v surw ixqfwlrq dv
iroorzv=
D6<, Z Eg|cM |'M |sE  |M| Eo n1g|(
zkhuh  lv wkh lqvwdqwdqhrxv uhqwdo udwh rq gholyhuhg kxpdq fdslwdo/ Eo n 1
lv wkh jurvv udwh ri uhwxuq rq sk|vlfdo fdslwdo +l1h1 o lv wkh qhw udwh ri uhwxuq
dqg 1 lv wkh udwh ri ghsuhfldwlrq,1 Wkh up zlvkhv wr fkrrvh txdqwlwlhv ri g|
dqg M| lq rughu wr pd{lpl}h htxdwlrq Eb Wkh uvw0rughu frqglwlrqv iru
d vroxwlrq wr wklv sureohp duhG
ef YZ*Yg| ' sE|Eon1'f (dqg
e YZ*Y_M| ' s E|  |s E|   'f 
Ri frxuvh/ xqghu wkh dvvxpswlrq ri frqvwdqw uhwxuqv wr vfdoh/ wkh rswlpdo
vroxwlrqv iru N| dqg K| zloo eh frpsohwho| lqghwhuplqdwh= wkh vroxwlrq iru
wklv sureohp lv d udwlr ri N| wr K|43 Wklv fdq eh vhhq iurp htxdwlrqv +D73,
dqg +D74,/ zklfk ghshqg vroho| xsrq | Wkhuhiruh/ ghqh wkh ixqfwlrq 6E|
dv iroorzv=
e2 6E|'s E  | * d sE  | |s E  |o ' Eo n 1*
Iru hdfk ydoxh ri |/ htxdwlrq +D75, vshflhv wkh pdujlqdo udwh ri vxevwlwxwlrq
lq surgxfwlrq ehwzhhq sk|vlfdo dqg kxpdq fdslwdo1 Xqghu rxu dvvxpswlrqv
43Vlqfh wkh surgxfwlrq ixqfwlrq vdwlvhv wkh Lqdgd frqglwlrqv/ zh gr qrw kdyh wr txdoli|
wkhvh vwdwhphqwv zlwk wkh surylvr= li d vroxwlrq h{lvwv1
66rq wkh surgxfwlrq ixqfwlrq/ wkh ixqfwlrq 6E| zloo eh frqwlqxrxvo| glhu0
hqwldeoh dqg prqrwrqlfdoo| ghfuhdvlqj1 Dv d uhvxow/ lw kdv dq lqyhuvh/ zklfk
zh ghqrwh e|=
e | ' 63Eco(
zkhuh iru hdfk sdlu +co, wkh ixqfwlrq 63Eco |lhogv wkh ydoxh ri | zklfk
vlpxowdqhrxvo| vroyhv htxdwlrqv+D73, dqg +D74,1 Iurp wkh ghqlwlrq ri |
dqg 63Ecoczh kdyh wkdw
ee g| ' 63EcoEM|
Wkhuhiruh/ vxevwlwxwlqj Eee lqwr Ebc zh rewdlq
b* ZEg|cM |'M |sd 6 3 E oo  M| Eo n163EcoM|o
' isd63Ecoo    Eo n 163EcojM|
'f (
vlqfh/ zlwk frqvwdqw uhwxuqv wr vfdoh/ zh kdyh wkdw hlwkhu M| 'fru sd63Ecoo
Eon163Eco'f Krzhyhu/ wkh Lqdgd frqglwlrqv hqvxuh wkdw M| 9'f c
vr wkdw zh fdq vroyh wkh htxdwlrq isd63EcooEon163Ecoj 'f
iru wkh idfwru0sulfh iurqwlhu +l1h1 iru z dv d ixqfwlrq ri u,=
eD  ' Eo(
zklfk iru hdfk u |lhogv wkh ydoxh ri z dw zklfk wkh up*v pd{lpxp surwv duh
h{dfwo| htxdo wr }hur1 Zkdw duh wkh vorsh dqg wkh udwh ri fkdqjh lq wkh vorsh
ri wkh idfwru0sulfh iurqwlhu/ Eoq Uhphpehulqj wkdw  ' sE|  |s*E|c
dqg o ' s*E|c zh rewdlq=
eS _*_o ' 
Eo'  |s E|_|*sE|_| ' | 	 f(@?_
e. _2*_o2 ' 
Eo' _|*_o ' *sE| : f
Vr wkdw lq wkh oR,@?e wkh idfwru0sulfh iurqwlhu/ Eoc lv qhjdwlyho| lqfolqhg
dqg frqyh{ wr wkh ruljlq1 Wklv frpsohwhv rxu dqdo|vlv ri wkh up vhfwru1
9 Dsshqgl{ E=
Lq wklv dsshqgl{ zh zloo frpsduh wkh jurzwk shuirupdqfh ri wzr frxqwulhv1
Lq frxqwu| L/ krxvhkrogv zloo glhu rqh iurp dqrwkhu lq exw rqh ru pruh ri
wkh wkuhh sdudphwhuv +kcBcl1 Zkloh lq frxqwu| LL/ doo krxvhkrogv kdyh wkh
phdqv ri wkh glvwulexwlrqv ri wkh sdudphwhuv ri frxqwu| L*v krxvhkrogv1
Lq sduwlfxodu/ vxssrvh wkdw frxqwu| L lv frpsrvhg ri dq htxdo qxpehu ri
wzr w|shv ri krxvhkrogv/ zklfk duh lqgh{hg e| l@4/5/ dqg vxssrvh wkdw wkh
jryhuqphqw ohylhv qr wd{hv dqg pdnhv qr wudqvihuv1 Xqghu wkhvh frqglwlrqv/
htxdwlrqv +69,/ +6;,/ dqg +5;, iru frxqwu| L ehfrph=
67ES* ' Eo' f  HebEfno 3 f  D
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Iru frxqwu| LL/ wkhvh wkuhh htxdwlrqv zloo eh wkh vdph dv wkrvh iru frxqwu| L/
h{fhsw wkdw wkh glvwulexwlrq ri hdfk ri wkh wkuhh sdudphwhuv zloo eh uhsodfhg
e| lwv phdq1 Lq ylhz ri wkh idfw wkdw  lv olqhdu lq k/ dqg l
c wkh iroorzlqj
sursrvwlrq vxjjhvwv lwvhoi iru jhqhudo glvwulexwlrqv ri kc dqg l
=44
Sursrvlwlrq 6 Li krxvhkrogv glhu rqo| lq wkhlu kr ru lq wkhlu l
r/w k h q
wkh hfrqrp|*v vwhdg|0vwdwh jurzwk udwh zloo eh lqghshqghqw ri doo prphqwv ri
wkh glvwulexwlrqv ri k dqg l
/ rwkhu wkdq wkhlu phdqv1
Surri1 = Lq wklv fdvh/ wkh htxdwlrq iru  wdnhv wkh iroorzlqj jhqhudo irup=
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2
zkhuh k dqg l duh wkh phdqv ri wkh glvwulexwlrqv ri k dqg l
c uhvshfwlyho|1
Wkhuhiruh/ doo glvwulexwlrqv ri k dqg l
 zklfk kdyh wkh vdph phdqv zloo
kdyh wkh vdph djjuhjdwh vwhdg|0vwdwh udwlr ri sk|vlfdo fdslwdo shu h!flhqf|
xqlw ri gholyhuhg kxpdq fdslwdo/ dqg frqvhtxhqwo| zloo kdyh wkh vdph jurzwk
44Wklv sursrvlwlrq lv wuxh qrw rqo| iru wkh wzr srlqw glvwulexwlrqv/ zklfk zh kdyh ehhq
frqvlghulqj/ exw dovr iru dq| glvfuhwh ru frqwlqxrxv glvwulexwlrq zlwk d zhoo0ghqhg uvw
prphqw1
68udwh1 Khqfh/ phdq suhvhuylqj fkdqjhv lq wkh glvwulexwlrqv ri k dqg l
 zloo
prgli| wkh glvwulexwlrq ri lqfrph/ exw wkh| zloo qrw fkdqjh wkh vwhdg|0vwdwh
jurzwk udwh1
Zkhq frpelqhg zlwk wkh wzr suhylrxv sursrvlwlrqv/ wklv uhvxow pd| ohdg
rqh wr dvn zkhwkhu wkhuh duh dq| sdudphwhv iru zklfk d phdq suhvhuylqj
fkdqjh lq wkhlu glvwulexwlrq zloo prgli| wkh hfrqrp|*v vwhdg|0vwdwh jurzwk
udwh1 Wkh dqvzhu lv wkdw wkhuh lv rqh1 Li |rx frqvlghu wkh zd| lq zklfk B

hqwhuv htxdwlrq +5;,/ lw lv reylrxv wkdw d phdq suhvhuylqj prglfdwlrq lq
wkh glvwulexwlrq ri B
 zloo fkdqjh wkh ydoxh ri  dqg wkhuhiruh wkh hfrqrp|*v
vwhdg|0vwdwh jurzwk udwh1
Lq htxdwlrq +68, qrwh wkdw/ wkrxjk e| wkhpvhoyhv glhuhqfhv lq wkh " dqg

f zloo qrw kdyh dq| hhfw xsrq wkh hfrqrp|*v jurzwk udwh/ wkhvh glhuhqfhv
fdq prgli| wkh hhfw wkdw wkh glvwulexwlrq ri wkh wkuhh sdudphwhuv +kcB
cl

fdq kdyh xsrq wkh hfrqrp|*v udwh ri jurzwk1 Dv d uhvxow/ lq pdnlqj wkh
iroorzlqj frpsdulvrqv/ zh zloo uhwdlq wzr vshflfdwlrqv iru frxqwu| L= rqh lq
zklfk wkh 
f ru wkh " glhu dprqj krxvhkrogv dqg d vhfrqg lq zklfk doo
krxvhkrogv kdyh wkh vdph 
f dqg " Dovr/ lq pdnlqj wkhvh frpsdulvrqv/ zh
zloo uvw vxssrvh wkdw wkh B
 dqg wkh l
 duh wkh vdph iru doo ri frxqwu| L*v
krxvhkrogv/ exw wkdw wkhlu kr duh glhuhqw iurp wkhlu k2r/ dqg vr rq1 Wkhq
zh zloo vxssrvh wkdw wkh l
 duh wkh vdph iru doo ri frxqwu| L*v krxvhkrogv/ exw
wkdw wkh kr glhu iurp wkh k2r dqg wkdw wkh B
r glhu iurp wkh B
2r/ dqg vr
rq1 Wkxv/ zh zloo pdnh d wrwdo ri iwhhq frpsdulvrqv/ dqg zh zloo frpsduh
wkhp zlwk uhvshfw wr wkhlu vwhdg|0vwdwh udwhv ri lqwhuhvw +L1U1@o,/ zdjh udwhv
+Z1U1@,/ udwlr ri sk|vlfdo fdslwdo shu h!flhqf| xqlw ri gholyhuhg kxpdq
fdslwdo +F1U1@,/ dqg zlwk uhvshfw wr wkhlu jurzwk udwhv +J1U1@b
Rqh ri wkh prvw uhpdundeoh wklqjv wr frph rxw ri wkhvh frpsdulvrqv lv
wkh h{whqw wr zklfk wkh dhfw ri glhuhqfhv ehwzhhq wkh kcB
ru wkh l
 dprqj
krxvhkrogv duh dpsolhg e| glhuhqfhv lq wkh 
f ru wkh "= wklv fdq eh vhhq
e| frpsdulqj wkh uhvxowv ri urz rqh zlwk wkrvh ri doo wkh hyhq qxpehuhg
urzv1Yluwxdoo| doo ri wkh yduldelolw| ri wkh lqwhuhvw udwh durxqg :19:( dulvhv
iurp wklv dpsolfdwlrq1 Dovr/ lq frpsdulqj urz rqh zlwk urzv yh dqg qlqh/
zh vhh wkdw glhuhqfhv lq wkh B
 dprqj krxvhkrogv uhvxowv lq d ghfuhdvh lq
wkh vwhdg|0vwdwh jurzwk udwh dv frpsduhg wr zkhq doo krxvhkrogv kdyh wkh
vdph ydoxh iru B Ixuwkhupruh/ li zh frpsduh urz rqh zlwk doo ri wkh rgg
qxpehuhg urzv/ h{fhsw iru urzv yh dqg qlqh/ zh vhh wkdw wkhvh frpsdulvrqv
frqup sursrvlwlrq wkuhh1
69Sdudphwhu ydoxhv L1U1@o Z1U1@ F1U1@ J1U1@b
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vdph dv suhylrxv urz/
h{fhsw wkdw 
f@2
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:, FL
vdph dv suhylrxv urz/
h{fhsw wkdw 
f@2
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vdph dv suhylrxv urz/
h{fhsw wkdw 
f@2
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44, FL
vdph dv suhylrxv urz/
h{fhsw wkdw 
f@2
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46, FL
vdph dv suhylrxv urz/
h{fhsw wkdw 
f@2
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48, FL
vdph dv suhylrxv urz/
h{fhsw wkdw 
f@2
f@41 :17( 31<56 5198 519:(
Wdeoh 5= Iliwhhq frpsdulvrqv
6: